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PREFACE. 

rilHE following essay was undertaken with the object of 
"^ discussing the possibility of obtaining directly from 
Faraday 8 laws a consistent scheme for the representation of 
electrical phenomena, and of applying the results to obtain 
the quantitative relations which exist in certain cases of the 
propagation of electrical effects. 

Maxwell's memoir on " A dynamical theory of the Electro- 
magnetic Field," communicated to the Royal Society in October, 
1864, marks a new departure in electrical theory. In it the 
analytical representation of Faraday's laws is systematically 
developed and applied, as also the analytical foi^nulation of 
the electromagnetic theory of light which had already been 
proposed by Faraday in 1846; but these contributions to 
electrical theory, though of great importance, are subservient 
to the main object of the paper, which is to shew that the laws 
of electrical phenomena obey the same general principle as the 
laws of mechanics. It has not been sufficiently noticed that 
Maxwell presented his theory under two forms, in one of which 
the electrokinetic energy is expressed in terms of currents, and 
in the other in terms of magnetic force and induction. The 
first form is the one used throughout the paper, the second 
form being given without application ; and in his Treatise the 
first form is used in the discussion of the general theory, the 
second form being given later and only applied to discuss the 
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pressure of radiation and magneto-optic relations. Subsequent 
writers, FitzGerald, Heaviside, Hertz and others, have taken 
the second form of the energy function as the starting-point 
of their investigations. 

The fact, that in certain cases the direct application of 
Faraday's laws gives without ambiguity results diflferent from 
those which appear to follow from the latter form of Maxwell's 
theory, led the writer to suspect that there must be some 
flaw in the process of reasoning by which this form of 
Maxwell's theory is deduced from Faraday's laws. This 
suggested the procedure adopted in this essay, to begin by 
applying Faraday's laws, without the intervention of any 
dynamical theory, to the different cases which can arise, sLnd 
to examine whether the results obtained are consistent with 
observation. A satisfactory scheme having been developed in 
this way, a short account of Maxwell's procedure is given with 
the view of discovering the source of the discrepancy, and the 
result of exammation is to shew that the first form in which 
Maxwell presented his theory is a logical consequence of 
Faraday's laws while the second form is not. That this has 
not been noticied earlier is to be explained by the fact that 
Maxwell did not use the second form of his theory to obtain 
results whereas subsequent writers have used it in preference 
to the first form, and that, so far as the applications made by 
Maxwell are concerned, the same results follow from either 
form of the theory. That the second form of the theory is 
easier to work with is obvious, as in this form the Lagrangian 
function is of the same type as the Lagrangian function of a 
material medium, thus allowing the argument from analogy to 
be used, and this explains the preference shewn for this form 
of the theory. 

Having found that the second form of the theory is not 
logically involved in the first, it becomes necessary to ascertain 
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what assumptions its use has led to, and it appears that many 
of the received ideas as to the nature of the aether, as for 
example the doctrine of a fixed aether, have arisen in this way. 
These assumptions not being directly concerned in the first 
form of Maxwell's theory, and this form being the one which 
logically follows from Faraday's laws, the ideas that have arisen 
from the assumptions cannot be regarded as being required by 
the facts. 

The next step is to examine whether the form of Maxwell's 
theory thus adopted is consistent with the laws of dynamics, 
and the logical development of this form of the theory is then 
resumed at the point where it was left by Maxwell. This 
latter is perhaps unnecessary in view of the fiict that earlier 
in the essay it is shewn that Faraday's laws are sufficient in 
themselves for the development of a scheme of representation ; 
but it was thought desirable to add it for the sake of com- 
pleteness. 

The object of the second part of the essay is the application 
of the general theory to some of the problems that present 
themselves in connection with the propagation of electrical 
eflfects. It appears that there is an essential difference between 
a simply-connected and a multiply-connected space in respect of 
the propagation of electrical effects, there being no permanent 
free oscillations such as would not be dissipated by radiation be- 
longing to an indefinitely extended simply-connected space, while 
there are such permanent free oscillations associated with each 
of the conducting circuits that render an indefinitely extended 
space a multiply-connected region. The explicit recognition of 
this fact makes it possible to simplify the mathematical theory 
of electric waves. The complete determination of the circum- 
stances of propagation of waves of the latter class can be reduced 
to the solution of linear differential equations involving one 
independent variable : the dependent variable belonging to any ^ 
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conducting path returns to the same value on going once round 
the path when closed, and the waves circulate without decay. 
In an open path the dependent variable vanishes at both ends 
and the energy is dissipated in radiation. The principal appli- 
cation of the theory is to the eflfects investigated by Hertz in his 
experiments on electric waves. The development of the analysis 
gives results which are in close agreement with the observations 
of Sarasin and de la Rive, who repeated Hertz's experiments 
under more favourable conditions ; it also gives a satisfactory 
explanation of the discrepancies in some of Hertz's own obser- 
vations. The investigation thus given for the free periods 
of resonators is only approximate; the accurate equation for 
the determination of the periods of a resonator can be easily 
deduced from the general theory of these waves, but this 
equation is such that the calculation of the periods from it 
would involve great labour, and as the error involved in using 
the approximate theory, in which the distance between suc- 
cessive nodes is approximately half a wave-length, must be 
extremely small, the gain in theoretical accuracy did not appear 
to be sufficient compensation for the additional labour. 

The essay io its present form was completed at the end of 
1900, with the exception of Chapter VIII, the paragraph 
relating to it in Chapter I, and the Appendices. The para- 
graphs have also been renumbered throughout and the cross 
references altered accordingly. Chapter VIII has been added 
with the view of developing the manner in which the energy of 
permanent vibrations associated with closed circuits is distri- 
buted, and the distinction between them and the waves due to 
open oscillators. To eflfect this it was found desirable for the 
sake of uniform treatment to give a short account of radiation, 
starting from the first form of Maxwell's theory. Appendices 
A and B are intended to elucidate the point of view adopted in 
the first part of the essay. Appendix C supplies the analysis 
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belonging to Chapter V, which was omitted on the ground 
that it might unduly interfere with the course of the argument. 
Appendix D contains an application of a method developed in 
the essay to a dynamical problem in diffraction which includes 
all the cases hitherto solved; this appendix also contains the 
analytical investigation of a result stated without proof in 
Chapter VI. 

In the theoretical discussion references are given to other 
writings only when these bear directly on the argument, this 
being thought suflScient in an essay. On the other hand, where 
special problems are dealt with, references have, as far as is 
known, been given to all the previous investigations. 

To Mr J. Larmor and to Prof. A. E. H. Love, whose assist- 
ance in revising the sheets for the press he was fortunate enough 
to obtain, the writer is greatly indebted. The many valuable 
criticisms and suggestions received from them have done much 
ta remove obscurities and improve the book in other ways. 

Acknowledgement is due to the officials of the University 
Press for the careful and obliging manner in which they have 
done their share of the work. 



Clare College, Cambridge. 
August 4, 1902. 
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all the sources of the waves, the electric and magnetic forces 
at any point can be immediately deduced. The propagation 
of any disturbance through the medium is shortly discussed, 
and it follows from these investigations that the way, in which 
Maxwell's aethereal displacement is introduced, involves the 
assumption that it, as well as the electric force conceived of as 
belonging to it, are independent of the motion of the aether. 

2. In the third chapter convection currents in motion and 
material media are considered, the difference between material 
media and the aether being taken to be the presence of con- 
vection currents. Faraday's laws are applied on this assumption 
to obtain the equations of propagation of electric waves in 
transparent media, and the results so arrived at are in agree- 
ment with Fresners formula for the effect of moving material 
media. The application of these laws to any material medium 
leads to equations determining the circumstances and to expres- 
sions for the mechanical forces acting on material media which 
are the same as those used by Larmor, Phil, Trans, a. 1897. 

3. Maxwell's djmamical theory of electricity is discussed 
in the fourth chapter, where the manner in which the various 
functions arise is considered and in particular it is shewn that 
on his theory aethereal displacement is a vector which defines 
the electrical degrees of freedom of the aether at each point of 
space, this vector hjeing conceived of as associated with the 
points of space not with definite elements of the aether. It is 
then observed that the Lagrangian function of the motions 
of the aether which is obtained on this theory is a modified 
Lagrangian function, the coordinates specifying degrees of 
freedom of the aether other than electrical having been 
eliminated by the process by which the function has been 
built up ; so that although this function, when the convection 
currents are completely known, is sufficient to determine 
the electrical relations of the aether to material media, it does 
not supply sufficient knowledge from which to develop the 
dynamics of the aether. Maxwell's second expression for the 
electrokinetic energy, which • expresses it in terms of the 
magnetic force and the magnetic induction, is shewn to have 
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been obtaioed from the previous one by a tranaformation which 
is in generiil invalid. It then appears that it is the use of this 
second expression which has ted to the assumption that 
Maxwell's electromagnetic theory is the same as MacCullagh's 
optical theory and thence to the identification of the magnetic 
induction as the, velocity of the aether. This again has given 
rise to difficulties connected with the effect of a magnetic field 
on the propagation of light and to ditBculties connected with 
permanent magnets which have compelled the further as- 
sumption that the density of the aether is indefinitely great. 
This second expression for the electrokinetic energy being 
illegitimate, it follows that Maxwell's theory is essentially 
different from MacCullagh's and that the conclusions referred 
to above, which are based on the identification of the two 
theories, are not a necessary consequence of Maxwell's theory. 

4. The conclusion having been arrived at that Maxwell's 

theory, though sufficient for the treatment of electrical changes 
did not furnish a complete representation of the motions of the 
aether, it became necessary to inquire what form a dynamical 
theory could take when only part of all the possible motions 
can be taken into account and whether Maxwell's theory is of 
a form which could arise in this way. This inquiry forms the 
subject of the fifth chapter; the fundamental assumption 
made is that if all the degrees of freedom everywhere existing 
could be put in evidence, the Lagrangian function of all the if 

corresponding motions would be a homogeneous quadratic j 

function of the velocities belonging to all the degrees of j 

freedom, the coefficients in this expression being functions of | 

the coordinates which specify the degrees of freedom, and, j' 

further, the motions are assumed to obey the principle of I 

Least Action. The existence of a class of motions, in ' 

■which the knowledge of a single function, viz. a modified 
Iflgrangian function of the form T—V, is sufficient to deter- 
mine completely the motions corresponding to the degrees { 
of freedom, the coordinates belonging to which have been i 
retained, is demonstrated ; the motions belonging to those 
which have been eliminated cannot be determined from a 
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knowledge of this function. The expression F, which occurs 
in this modified Lagrangian function, is equal to the energy of 
the motions which correspond to the degrees of freedom whose 
coordinates have been eliminated, so that the potential energy 
is the energy of the concealed motions. The forms which can 
arise under other circumstances are also discussed. The 
Lagrangian function, which is derived from observation, is, in 
every case, a modified function in which only the observed 
degrees of freedom appear explicitly. In attempting to apply 
a dynamical theory to the aether it has to be remembered that 
the energy of the motions of a continuous medium, such as it 
must- be postulated to be, cannot be represented by a sum of 
the form Jfjp (u^ + 1;* + w^) dxdydz ; to do so would be to endow 
the aether with atomic structure. It then follows that the 
application of the previous results to the aether, all its possible 
degrees of freedom being taken into account, can give rise to 
a modified Lagrangian function the same as that arrived at on 
the Faraday-Maxwell theory. The manner, in which the effect 
of material media can be taken into account on this theory, is 
then discussed and the theory is compared with the other 
theories which have been proposed. 

5. It having been shewn that the Faraday-Maxwell theory 
gives a consistent account of electrical phenomena and is itself 
consistent with dynamical theory, and the effect of the motion 
of an observer and his apparatus having been ascertained, this 
effect being, in the case of the propagation of electric waves of 
the kind which occur in experiments such as those of Hertz, 
negligible, the propagation of electrical effiects of this kind is 
discussed in the second part on this assumption. The propaga- 
tion of electrical effects in a simply connected space is dealt 
with in the sixth chapter, where it is shewn that permanent 
free electrical oscillations in an indefinitely extended simply 
connected space are impossible. The case of the space between 
two concentric spherical surfaces is treated in detail in illus- 
tration of the general theory. The oscillations belonging to 
condensers are discussed and the result of an investigation to 
determine the effect of an open end is given. The effect of 
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joining the opposite faces of a condenser by a thin wire is 
investigated aod it is shewn that, if originally the faces are not 
closed surfaces, the periods are practically unaltered and do 
new period is introduced, but that, if originally the faces are 
closed surfaces, the already existing periods are approximately 
unaltered and a new period, which is very long in comparison 
with the others, is introduced. The effect of removing or 
setting up constraints is discussed, more particularly in the 
case where the space throughout which the constraint is re- 
moved or set up is not finite. Non-permanent free oscillations 
are discussed, the case of a change in the dielectric medium 
being treated in detail. The principal result obtained is that 
reflexion is the essential condition for the existence of free 
oscillatious in a simply connected space. 

6. In the seventh chapter the propagation of electrical 
effects in multiply connected spaces is considered, and it is 
shewn that permanent free oscillations can exist in a multiply 
connected space whether the space is infinitely extended or not, 
the possible free periods for the infinitely extended doubly 
connected space in which there is a single circuit being sjnV, 
where s is the length of the circuit, V the velocity of radiation 
and n any integer. It is then shewn that the problem, in the 
case of waves travelling along any number of parallel straight 
cylindrical conductors, is reducible to one of conformal repre- 
sentation. The case of circuits of any form is discussed and 
expressions for the components of the electric force at any 
point due to the waves belonging to a single circuit are 
obtained. The effect of finite cross-section is then considered 
and it is proved that, taking the cross-section of the wire to be 
circular, of radius small compared with the radius of curvature of 
the wire and with the wave-length of the oscillations, the results 
obtained for the circuit are still applicable. The electric waves 
induced in a thin closed wire are discussed ; and it follows that 
for any number of thin closed wires the expressions for the 
components of the electric force at any point are sums of the 
expressions found for a single closed wire, whence solvable cases 
for the eflfect of conductors can be deduced. The waves 
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belonging to a circuit are unaltered by any others which 
exist along with it, the effect of conductors being to super- 
pose on the waves belonging to a circuit waves belonging to 
other circuits which form the image in the conductors of the 
first circuit. 

7. The radiation of electric energy is treated of in the 
eighth chapter. In this connexion it was found necessary 
to investigate the expression for the rate of transfer of 
energy across a closed surface using Maxwell's first expression 
for the electrokinetic energy. The result is an addition to 
Poynting's expression of a part which, integrated throughout a 
complete period, vanishes so that results, which take account 
of average radiation only, are unaffected. The intensity of 
the radiation fi-om, and the density of the distribution of 
energy due to, a simple oscillator are investigated, and the 
results are applied to obtain relations between the temperature 
and the intensity of radiation. The condition of permanence 
of a group of ions is obtained and the law of the force between 
permanent groups is deduced, the force between a pair, neither 
of which possesses fi-ee electricity, being at most of the order of 
the inverse fourth power of their distance apart. It is then 
shewn that no energy is radiated away fi-om a circuit, as was to 
be anticipated from the results of the previous chapter. 

8. The existence of permanent free oscillations associated 
with circuits having been established it follows that, if a small 
gap be made in a circuit, oscillations of this kind, though they 
will not then be permanent, will be set up in it ; the treatment 
of these open circuits forms the subject of the ninth chapter. 
It is first proved that, if the case of a straight wire with a free 
end can be solved, the case of any form of thin wire whose 
curvature is continuous can be solved, as the waves can only get 
into the circuit at the open end. The waves set up bj^ the 
simplest kind of source, which can produce waves of the kind 
sought in a straight wire with a free end, are then found. The 
effect of a small sphere placed at the free end is discussed and 
shewn to be negligible if the radius of the sphere is small 
compared with the length of the waves. In the tenth chapter 
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these results are applied to the case of resonators and it appears 
that the fuDdamental wave-length of a resonator depends on 
its length only, the result for a resonator in the form of a circle 
heing that the fundamental wave-length is 7'9o D, where I) is 
the diameter of the resonator, which agrees with the results of 
the experiments of Sarasin and de la Rive, who ohtained the 
value S D foT 3, circular resonator. The rate of decay of the 
oscillations belonging to a resonator is investigated and shewn 
to be very small, which agrees with the results of Bjerknea' 
experiments. The case of a wire with an open end, from which 
the waves are radiating treeiy, is then discussed and it is found 
that, for stationary waves, the distance of the first node from the 
free end is "192 X, where X is the wave-length of the waves which 
are being observed, this result again agreeing with the result of 
the experiments of Sarasin and de la Rive, The forms of the 
wave-fronts in the neighbourhood of a straight wire, from the 
end of which the waves are being freely radiated, are then 
investigated and it appears that, in travelling along the wire 
from the free end, the wave-fronts change from being para- 
boloids of revolution with the free end as focus and the wire 
as axis to being planes perpendicular to the wire ; this agrees 
exactly with the observations of Birkeland and Sarasin. Fur- 
ther, on the side away from the wire the wave-fronts tend to 
set themselves at right angles to the radius vector from the free 
end, which was found to be the case by the same observers. 
The effect of the upper harmonics of a resonator is considered, 
and it would seem that they provide an explanation of some 
results observed by Sarasin and de la Rive and that they are to 
some extent the cause of the result obtained by Hertz in his 
interference experiment for comparing the velocity of electric 
waves in air with their velocity along a wire. 

The result of these investigations relative to electric 
waves in wires and resonators is to shew that there is 
complete quantitative agreement between experiment and 
theory as well as qualitative agreement. 



CHAPTER IL 

THE EQUATIONS OF ELECTRODYNAMICS. 

9. The equations which determine the magnetic and 
electric forces at each point of space, conceived of as filled by 
a medium in which there are conductors at rest relatively to 
each other, can be deduced from Faraday's laws that 

(1) a closed current is equivalent as regards the magnetic 
field produced by it to a magnetic shell of the same strength 
bounded by it, 

(2) the electromotive force in a closed circuit is given by 

dW 



^ = - 



~dt ' 



where W is the number of lines of magnetic induction which 
pass through it. 

Further, on this scheme all currents are regarded as closed. 

Denoting the components of magnetic force at any point x, y, z 
by a, )8, 7, the components of magnetic induction by a, b, c, the 
components of electric force by X, Y, Z and the components of 
total current strength by Uy v, w, the axes of reference being 
fixed relatively to the conductors, Faraday's laws are expressed 
by the equations 

j adx + ^ dy + ry dz = 4f7r II (lu + mv-\- nw) dS,,. (1), 
Ixdx + Ydy + Zdz = -i \\(l^ + mft + nc)dS...{2\ 
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where the surface integrals are taken over any surface bounded 
by an edge, I, m, n are the direction cosines of the normal to 
the surface at any point and the line integrals are taken round 
the edge in the positive direction. The relations (1) and (2) are 
equivalent to the systems of equations 
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37 


dZ\ 


dt~ 


dz 


dy 


db 


dZ 


dX 


dt 


das 


dz 


dc 
dt~ 


dy 


dY 
dx ' 



h 



(2'). 



In addition to these equations the relations between magnetic 
force and magnetic induction and between electric force and 
current strength must be known in order to effect a solution in 
any case. For the applications in view the magnetic force may 
be taken to be everywhere identical with the magnetic induc- 
tion, so that a^^a, 6 = yS, = 7. The total current at any 
point is, according to Maxwell's view, made up of two parts, 
the displacement current and the convection current. The 
displacement current has components /, g, h and is connected 
with the electric force at the point by the relations 

47r F^/=Z, 4nrV^g^Y, ^irV^h^Z, 

where V is the velocity of propagation of electric effects through 
the medium ; the convection current at a point consists of the 
conduction current at the point, such a current being conceived 
of as associated with a closed circuit forming a circuital 
discontinuity in the medium, and an element of current 
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PP> P?» P^» where p, q, r are the velocities of the free charge 
of volume density p at the point, such a current element being 
a point discontinuity in the medium and the closed current, 
of which it must be regarded as forming part, being completed 
by displacement currents through the medium. The components 
of total current are then given by 

1 dX 1 dY \ dZ 



47rF2 dt ' ' 47rF» dt ' ' 4^7rV^ dt 

where u, v, w are the components of the convection current at 
the point x, y, z. In any case the convection current may be 
regarded as everywhere known or as given by a knowledge of 
the relation between the electric force and the conduction 
current, and of the distribution of free charges and their 
velocities. 



10. Before proceeding to discuss the integration of the 
equations it is convenient to obtain them in a modified form. 
For this purpose let a vector, whose components are F, (?, H 
and which is connected with the magnetic induction by the 
relations 

~ dy dz ' 

dz dx ' 

^dO_dF 



dx dy ' 



be introduced. 
Then 



that is 



or 



da ^ d'H d'G 
dt dydt dzdt ' 

dY dZ^d'H d'O 

dz dy dydt dzdt' 

dzV ^ di ) - d-yK^ ^ dt)' 
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with two similar relations; therefore 



X = -4t- 



dt due 



Y = 



dt dy 



dH d^ 

dz 



Z^-"-^-"^ 



dt 



Now equations (1') are equivalent to 

1 dX , _,_ dJ 



F« dt 



oy 



1 dZ 



V*dt 



+ 4iirw = 



^•"^t 



where 



whence from (3) 



j^dF dG dH 

dx dy dz ' 



F» df ^ F» dxdt '™ 8a! 



1 W 1 3»</. _ ^^ 

V^ ~dt' '^ V^dydt~ ^^ ~ ^ 

V* df F" dzdt 



_dJ. 

dyf 

_dJ 

dz 



(3). 



,(4). 



11. Proceeding now to the integration of the equations in 
the case where an unlimited train of electrical oscillations is 
being propagated through the medium, those parts only of the 
electric and magnetic forces which depend on the time need be 
obtained, and the remaining parts if any will accordingly be 
omitted. The distribution of the convection currents will be 
assumed to be known and it will be proved that the electric 
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and magnetic forces at any point can be expressed in terms of 
these currents. The components F, Q, H of the vector intro- 
duced above are so far restricted by two independent relations, 
so that they can be subjected to any other condition not incon- 
sistent with these. Assume as a further condition 

where now only those parts of the various quantities involved 
which depend on the time are considered ; then equations (4) 
become 

1 d'F \ 

lg-4,r«=V»» I (4'). 

Let r denote the distance between the points oc, y, z and f , rj, f, 
then the integrals of equations (4'), which correspond to the 
propagation of an unlimited train of electrical oscillations of 
period 27r//cF, are given by 

— Uid^drjd^, 



rrcp-^ir-vt) 



where u = iiie"'^*, v = Vie"'^^j w = Wie"'^*y 

u, Vy w being the components of the convection current at the 
point f, 77, f and the integrals being taken throughout all space. 
It follows from these expressions that 



-///( 



"» ai + ^» a^ + ^' a-J ^^r— df 'i'^'^r, 



I 

I » 
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whence 

and therefore 



*=?///( 



3 9 d\ e'""^^"^*^ 



Hence by (3) 

X = - I'cVJ j Ml —^ — d^dr,d^ 

- T J jj r 3^ + "- a^ + "'^ a^ J — 7— ^^'''"'^' 

with two similar relations ; therefore 

g-uc(r-Vt) 

X d^drfd^ 

X — d^drjd^ 

r 

X — — dtdrjd^/ 

T 

The expressions for the components of the magnetic force 
can be obtained in a similar way, and are 

These expressions only include the parts of the electric and 
magnetic forces which depend on the electrical oscillations of 
period iir/fcV. When there are oscillations of more than one 
period, the components of convection current u, v, w will be 
expressible in the form 

tu&''^\ Xve"'^^ Xwe""^^, 
and the expressions for the electric and magnetic forces are 
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obtained from the above by summation. The F, 6, H of the 
above investigation is different from Maxwell's vector potential, 
the difference being a vector whose components are of the form 

^, |X, ^. The integrals in the form (5) admit of easy 
ox oy oz 

interpretation. From the expressions given in (5) it im- 
mediately appears that the components of the electric force at 
a point are the sums of the components of the electric forces 
due to a distribution of Hertzian elements throughout the 
space where there are convection currents, the direction and 
strength of an element being that of the convection current at 
the point. The solution in this form is thus the analogue of 

the solution F= \\\-d^d7^d^ in the theory of potential. 

12. It is known that even when the vibrations are slow the 
currents in a conductor tend to concentrate in the neighbour- 
hood of the surface, and, as the vibrations become faster, the 
currents come to be practically confined to a thin layer at the 
surface ; the limit of this state of affairs is a perfect conductor. 
In such a conductor the magnetic and electric forces will be 
zero at each point inside it and at the surface the electric force 
will be normal to it and the magnetic force tangential to it. 
The currents are on the surface and are measured by the dis- 
continuity in the magnetic force in crossing the surface; the 
relation between current strength and magnetic force at the 
surface is found as follows. Let the axis of ^r be the normal to 
the surface at a point on it drawn outwards, the axes of x and y 
being in the tangent plane to the surface at the point. Then 
imagining the current to be the limit of a current distributed . 
throughout a small thickness, the relations between current 
and magnetic force at any point throughout this thickness 
are given by 

___+47rtz = g--g^, etc., 

where u is indefinitely great, the thickness being supposed 
indefinitely small. Integrating throughout the thickness, the 
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first of the above relations becomes 

The integral j-rri'^f '^ vanishes in the limit, for the quantity 
under the sign of integration remains finite while the range of 
integration ultimately vanishes; similarly the integral \^dz 
vanishes and therefore 

in fvdz = — (S, 

where ff is the value of ^ on the surface, its value at an 
internal point being zero. In the same way it may be shewn 
that 

iirfvdz = a, 

where a is the value of a on the surface. Therefore the current 
on the surface is measured by the magnetic force at the surface 
divided by itr, their directions being perpendicular and such 
that the directions of the magnetic force, the current and the 
outward drawn normal to the surface form a right-handed 
system of axes. In what follows perfect conductors will be 
chiefly considered, as in the case of waves whose vibrations 
are fairly fast the effect of imperfect conduction is a slight 
dissipation of the energy of vibration into the conductors, which 
may in general be left out of account. 



13. The expressions obtained, § 11, for the electric force 
will, so far as they depend on conductors, be simplified when 
the conductors are taken to be perfect. In this case the 
currents, as was seen above, are zero everywhere throughout 
the volume of a conductor and exist only on the surface, so that 
the volume integrals in (5) due to the presence of perfect con- 
ductors become surface integrals. Let li, m,, n, be the direction 
cosines of the current at a point f, tj, f on the surface of a 
conductor and M the magnetic force at the point, then the 
values of X, Y, Z, the components of the electric force 
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at any point x, y, z of the medium due to the conductors, 
become 



Z= 



"doi?^ ^ dxdy 






+ «»il 



I — tKT 



dS\ 



» — tier 



dxdy dy* dydz 



dxdz 



dydz 



.3^+*%) 



r 



-dS 



(6), 



dS 



where the integrals are now taken over the surfaces of the 
conductors. The components of the magnetic force due to 
the conductors are given by 



a=7- llif (rii^-mj^ )^ — dS 



dy 

Mill 



dzj r 
d \ e-"^ 



^=i//^('.£-4) 



(7). 



Thus, when there are perfect conductors only in the medium, the 
problem of finding the circumstances of propagation of waves of 
given period through it is reduced to finding the magnetic force 
at each point of the surface of the conductors. 



14. In the preceding investigation of the integrals of the 
equations everything is expressed in terms of the convection 
currents which may be looked upon as discontinuities in the 
time rate of change of the electric force ; in exactly the same 
way integrals of the equations can be found expressing every- 
thing in terms of discontinuities in the time rate of change of 
the magnetic induction. The expressions which correspond to 
(6) and (7) now make the magnetic force tangential to the 
surface vanish, while the electric force tangential to it is 
discontinuous. From this it appears that, if at each point of 
a surface, which encloses all the sources of the waves, the 
electric and magnetic forces tangential to it be known, the 
electric and magnetic forces at every point outside it can be 



Il] THE EQUATIONS OF ELECTRODYNAMICS 17 

expressed in terms of them, the components of the electric force 
being given by 



— Mcr 



1 ff / d d\ e~"^ 

where E and M are the electric and magnetic forces tangential 
to the surface, li,m^, Ui the direction cosines of the tangent to 
the surface perpendicular to M, and Z/, mi', ni' the direction 
cosines of the tangent perpendicular to E, 

16. The electric and magnetic forces at any point when an 
arbitrary disturbance is being propagated through the medium 
can be obtained in a similar way. As in § 11 only those parts 
of the electric and magnetic forces, which belong to the pro- 
pagation of the disturbance, will be taken into account. 
Assume, as in that case, 

then the equations to be satisfied by F, 0, H are (4'), whence 



-jjj'^d^d.d^, 



H 



where Uy.ViyWx are the values of u, v, w at the point f, 77, f at a 
time r/F before the time t under consideration. Now 

and, writing 

M. B. w. 2 
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the parts of the components of the electric force which depend 
on the propagation of the disturbance are given by 

^= niJla^f +a7r +p-.V- F'aT'rJ '^^'^''^f <«)• 

These expressions can be modified for the case of perfect 
conductors as in § 13. The part of the electric force at any 
point which depends on the disturbance is thus expressed in 
terms of the convection currents which existed at the various 
points at a time t — r/V, where r is the distance of the point 
under consideration from any other point. The eflfect of a 
disturbance at a point A travels out from it in spherical 
waves, arriving at a point P in the time AP/V, when P takes 
up the disturbance, after which time it comes to rest*. 

16. In the above a single medium filling all space in which 
there are present what have been termed convection currents is 
contemplated, and on this hypothesis it has been shewn that, 
assuming Faraday's laws, electrical effects, whether the pro- 
pagation of oscillations of definite periods or of an arbitrary 
disturbance is considered, are propagated in the medium with 
a definite velocity, the directions of propagation being straight 
lines and the displacements strictly transverse. Further it 
has been shewn that the circumstances of the propagation of 
electrical effects can be completely expressed in terms of the 
distribution, supposed known for all time, of the convection 
currents, these convection currents corresponding mathe- 
matically to the singularities of the necessary functions. The 
effect at a point P is the sum of the effects, due to all points Q, 
which depend on the state of affairs at Q at a previous time 



* For the complete expressions for the components of electric force when 
the disturbances are supposed to be due to moving charges, see Appendix C. 
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t — PQ/V; the assumption* is thus implicitly involved that 
Maxwell's aethereal displacement current is independent of 
the motion of the aether if there is such a motion. By the 
application of Faraday's law, the electric force which would act 
on an element of a circuit at any point of the aether can be 
obtained, and this is on Maxwell's theory taken to be the 
electric force at that point in the aether, the element of circuit 
being conceived of as fixed. 

 See § 22. 



2—2 
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CHAPTER HI. 

CONVECTION CURRENTS IN MOTION AND 

MATERIAL MEDIA. 

17. To obtain expressions for the electric force on an 
element of a convection current moving in a known manner, 
let an element of such a current at a point x, y, z, the axes of 
reference being supposed to be fixed in space*, be considered 
and let|Z, m, n be the direction cosines of the element. Applying 
Faraday's law and remembering that it is supposed to hold for 
closed circuits, the line integral of the electric force in the 
direction of the element acting on it is 



-l-^lilF^mG^nH)f^da. 



where F, 0, H define Maxwell's vector-potential or electro- 
kinetic momentum, <r is a coordinate defining the order of the 
element in the circuit, and where, since the convection current 
is not supposed to be at rest, /, m, n may vary with the time. 
The electric force in the direction of the element is therefore 
given by the expression 

,(dF dF dF dF\ fdG dO dQ dO\ 

"H-ar-^-^^-^^^-^^d^J-^aa-^a-'-^ai-^' 

* Appendix A. 
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where p, q, r are the component velocities of the element of 
convection current considered. Using the relations 



dH dO 



dy dz ' 

'^ dx dy' 

the above expression for the electric force in the direction of 
the element becomes 






00! dy oz J 



-r(l— + m—+n—]-F^-0^-3^-H~-^ 

\ dx dy dz / ds da ds ds ' 



which is equivalent to 

'dF 



- 1 (Fp + Gq + Hr + <!>). 

Hence the componeDts of the electric force, which acts on an 
element of convection current at the point x, y, z moving with 
a velocity whose components are p, g, r, are given by* 



* It will be observed that it is the time rate of variation of the vector F^ Gf H 
in a direction, which itself changes with the motion, that is taken, not the time 
rate of variation in a fixed direction. It is the first of these that is appropriate 
to electrodynamics, the experimental laws (Faraday's) of which are expressed 
in terms of the behaviour of closed Circuits. Some writers have erroneously 
used the second; their results however are in general correct, as for the case 
usually treated of, that of uniform motion, the expressions are the same. 
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3^ . o 3% \ 



y (1). 



where X = -^ + ^3 "^ ^^ + ^• 

18. On any theory all electrical effects must be explicable 
on the hypothesis of one uniform medium in which there are 
convection currents; thus the difference between the aether 
and any material medium must be the presence of convection 
currents, that is, wherever there is matter there are these 
convection currents distributed in the aether, which are to be 
regarded as discontinuities in it. A complete knowledge of 
the distribution and strengths of these convection currents for 
all time would make it possible to determine completely all the 
electrical circumstances, but such knowledge it is impossible to 
obtain, and as in any case what can be observed is the effect of 
an aggregate of these convection currents, it is necessary to 
make hypotheses which shall replace a knowledge of the in- 
dividual by something which shall represent the effect of the 
aggregate. It has been remarked by Maxwell* that "if we 
attempt to extend our theory to the case of dense media, we 
become involved not only in all the ordinary difficulties of 
molecular theories, but in the deeper mystery of the relation 
of the molecules to the electromagnetic medium." This remark 
is clearly equally applicable to the case of any material medium ; 
and the assumption made in his next paragraph, it being 
remembered that throughout this chapter Maxwell is thinking 
of the medium as at rest except in so far as there are motions 
due to electrical disturbances, is equivalent to assuming that 
for transparent media, the aggregate effect of the convection 
currents can be represented by displacement currents in the 

* Treatise, Vol. n. § 794. 
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aether. These displacement currents, which replace the con- 
vection currents and which, to distinguish them, may be termed 
material displacement currents, diflfer from aethereal displace- 
ment currents inasmuch as they must be conceived of as 
moving with the velocity of the aggregate of the convection 
currents which they replace, and as being acted on by the 
electric force which would act on a convection current moving 
with that velocity. This, combined with the assumption that 
the relation between the electric force acting on material dis- 
placement current and material displacement is of the same 
kind as that existing between aethereal electric force and 
aethereal displacement, suflBces to determine the circumstances 
of the propagation of electrical effects through any transparent 
material medium. 



19. Let /, (/, h denote the components of the aethereal 
displacement at the point x, y, z referred to axes fixed in space, 
fiy9\>K the components of the material displacement which 
replaces the convection currents distributed throughout the 
medium, and F, G, U the components of the electrokinetic 
momentum. The components of the aethereal displacement 
current then are 

df dg dh 

dt' dt' dt' 

and the components of the electric force in the aether are 



dF 
dt 



30 

dx' 



dG 
dt 



3^ 
dy' 



dH 

dt 



dz' 



giving 






*.y'K.J^-~^ 



dy 



(2). 



The components of the material displacement current are 

d/i dgi dfh 
dt* dt ' dt * 



1 
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d/i 



where -^ denotes the time rate of variation of/,, the motion 

being taken into account, and the components of the electric 
force acting on this material displacement current are by § 17 






?2^ 



dt 






whence for an isotropic material medium 

47rF» dF o 9y\ 



K 

47rF'' 

K 

4?rF' 

K 



9i = - 



dt 



dy 



dt 



dz 



The components of the total current are 



whence 



?/■ d/[ dg dgt dh dAi 
dt^ dt' dt'^ dt' dt dt' 



\dt ^ dt) dy dz 

^(^9^dg,\^da_drt 
\dt dt I dz dx 



dh . dAj\ 8^_aa 
)~dx dy, 



^-^ (m ■*■ dt 



,(3> 



(4> 



In the above it has been assumed that there is no closed 
convection current at the point considered ; when there is, the 
a, )8, 7 in equations (4) are related to the jP, G, H in the same 
way as magnetic force is related to vector-potential in the 



,_dF dH 

dz dx ' 


dQ dF 


dx dy ' 
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theory of magnetism, while in equations (2) and (3) a, /3, 7 have 
to be replaced by a, 6, c, where 

dy dz * 

The vector whose components are a, 6, c is the magnetic force 
in the aether and includes the effect of the local convection 
currents, whereas the vector a, ^, 7 is the magnetic force in 
the ordinary sense which only takes account of the effect of the 
aggregate, and, to determine the circumstances, the relation 
between these two vectors must be known, the usual assumption 
being that they are connected by the relations 

where /^ is a constant. 

The equations which determine the circumstances of the 
propagation of waves through an isotropic material medium 
can now be formed, and it will be sufficient to take the case 
in which the matter is supposed to be moving parallel to the 
axis of X with a uniform velocity p. The equations (2) and (3) 
become 



Wr* dF dF d<h , 

-ir^^-^-di-Pd^-i'^^- 



whence 



, /df dA\ 1 [d'F (d a \' cl 

1 \d (d4>^ d<f,^ d4>\-\ ^ 

Again from (4) 

. fdf d/A dy dfi ' 



that is 



^[dt^dtj ,ildx[dx^dy^ dz) ^-^J •«*«•' 



\ 
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therefore 



+ 



with two similar equations. These can be replaced by equations 
to determine the magnetic force, giving 

with two similar equations. For waves propagated in the 
direction of the axis of x the velocity of propagation V satisfies 
the equation 

Il^V'* + K(V'-py, 

agreeing to a first approximation with the formula of Fresnel. 

In the free aether fi^l and k = 0, and the equations to 
determine the circumstances of the propagation of waves 
through it are 

V»a = -— etc 

which equations shew that the wave surfaces are spheres ; thus 
to an observer moving through the aether the eflfect of his 
motion is the same as if he were supposed to be at rest and the 
centres of the spheres, which form the wave surfaces, were 
supposed to move relatively to him with his velocity relatively 
to the direction in which the rays are travelling through the 
aether; this is Bradley's law of aberration. 

20. The equations (2) and (3) of the preceding will hold 
for any material medium, whether transparent or not, but the 
equations (4) will require modification when the eflfect of the 
aggregate of the convection currents cannot be replaced by a 
material displacement current. In this case in addition to the 
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material displacement current there will be a conduction 
current which must be added to the displacement currents to 
give the total current in equations (4), and further the relation 
between this conduction current and the electric force acting 
on the convection currents must be known; the scheme of 
equations (2), (3), (4) thus supplemented will include all caries. 
They are then the same as those used by Larmor, Phil, Trans. 
(a), 1897, pp. 205 — 300, and of necessity lead to the same 
expressions for the mechanical forces acting on material media. 
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CHAPTER IV. 



MAXWELL'S DYNAMICAL THEORY OF ELECTRICITY. 

21. At the end of the fourth chapter of the second volume 
of his treatise Maxwell, having given an account of the pheno- 
mena of the induction of currents and of the laws which they 
obey, states that he " proposes to examine the consequences of 
the assumption that the phenomena of the electric current are 
those of a moving system " and " to deduce the main structure 
of the theory of electricity from a dyoamical hypothesis of this 
kind." The fifbh chapter is taken up with assigning physical 
meanings to the relations occurring in Lagrange's dynamical 
method. He then proceeds to discuss in the sixth chapter the 
form of the kinetic energy function for a system of conducting 
circuits and shews from experimental considerations that the 
function is the sum of two homogeneous quadratic functions, 
one involving all the current strengths and the other all the 
velocities specifying the motion of the conductors. In the 
seventh chapter the coeflScients in that part of the kinetic 
energy function, which depends on the current strengths only 
and which is termed the electrokinetic energy, are identified ; 
the electrokinetic momentum of a circuit is defined and the 
electric force in and the mechanical force on a circuit are 
deduced. So far Maxwell has confined himself to the con- 
sideration of conducting circuits, but in the eighth chapter he 
proceeds to discuss what takes place in the space outside these 
conductors. The field is explored by means of various con- 
figurations of the secondary circuit and in this way arises the 
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conception of a vector having a determinate direction and 
magnitude at each point of space and whose line integral 
round any circuit is the electrokinetic momentum of that 
circuit. From this is deduced another vector whose surface 
integral is equal to the line integral of the former round the 
edge of the surface and which is identified with the magnetic 
induction of Faraday. The expressions for the components of 
the electric force at a point in a conductor moving in any 
manner and for the mechanical force on the element of the 
conductor at the point are obtained. Maxwell is careful to 
point out that " the current in all these cases is to be under- 
stood as the actual current which includes not only the current 
of conduction but the current due to variation of the electric 
displacement " ; to this ought to be added the current due to 
moving electric charges when these exist. In the ninth 
chapter these results are recapitulated and he then proceeds, 
§§ 606, 607, to obtain the mathematical connexion between the 
electrokinetic momentum and the current strengths, which is 
equivalent to determining the coefficients in the expression for 
the electrokinetic energy. The remainder of the chapter is 
occupied with the discussion of the potential energy and the 
dissipation functions. 

22. The chief diflBculty of the theory is what is meant by 
electric displacement and displacement current ; it is then 
important to inquire whether the theory really determines 
what they are. The fundamental idea both with Faraday 
and Maxwell is that of a medium (the aether) filling all space 
and which is the means by which electrical changes in one place 
produce electrical changes at another place ; this postulates the 
possibility of electrical efiFects in the aether. Now the kinetic 
energy of a system in which there are present electric currents 
contains no terms which are the products of the current 
strengths and of the velocities of the circuits ; further, on the 
dynamical theory, the current strengths must be conceived as 
velocities which are the time rates of variation of coordinates 
specifying electrical degrees of freedom, these coordinates being 
dynamically independent of the coordinates which define the 
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positions of the circuits in space. From this it follows that the 
existence of electrical effects in the aether necessitates the 
existence of electrical degrees of freedom of the aether, the 
electrical circumstances at each point of space depending on 
the coordinates which specify these electrical degrees of free- 
dom. The method of exploring the field by means of a circuit 
does not determine the electrokinetic momentum of a circuit 
conceived of as moving with the aether but of a circuit fixed 
in space; thus the electrical coordinates whose existence was 
shewn above to be necessary must be conceived of as identified 
with the points of space not as associated with definite elements 
of the aether. These electrical coordinates will vary from point 
to point of space, but from the above it follows that for each 
one of them the space coordinates must be treated as constant, 
thus their time rates of variation are given by partial differen- 
tiation with respect to the time. The time rates of variation 
of the electrical coordinates define electric currents in the 
aether at each point of space and, as these currents are 
vectors, the electrical coordinates at each point of space are 
determined by a vector. If /, g, h be the components of 
this vector at the point a?, y, z, the axes of reference being 
supposed fixed in space, the components of the corresponding 

current at the point are ^ , ^, :r- . Maxwell's electric dis- 

ot ot 01 

placement in the aether is thus a vector defining the coordinates 
which specify the electrical degrees of freedom of the aether at 
a point of space and is quite distinct from the electric displace- 
ment associated with material media; the diflference between 
aetnereal electric displacement and material electric displace- 
ment has already been emphasised*. 

23. In obtaining the electric force at a point in the 

aether the same considerations apply as above; therefore if 

Fy G, H are the components of the electrokinetic momentum at 

the point x, y, z, the components of the electric force at the 

point are 

_aP_a^ JdQ_^^ _dH_d^ 

dt dx' dt dy' dt dz' 

* Cf. § 18. 
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The electrokinetic energy belonging to the aether at the point 
Xy y, z is then as in Maxwell's treatise, § 634, 

Since ^ > ^ > ^; are the components of the electric current in 

the aether at the point a?, y, z, the electric density at the point 
is 

df^dg^dh 

dx dy dz ' 

which is zero unless there is a discontinuity in the aether at the 
point. In obtaining the potential energy expressed as a function 
of /, g, h it is sufficient to find it for the electrostatic case ; in 
this case since charge and potential are linearly related the 
portion of the potential energy contributed by the aether at 
the point x, y, z is 

J (Z/+ Yg + Zh)dxdydz, 

where X, Y, Z are the components of the electric force at the 
point and are proportional to /, g, h. Hence the part of the 
Lagrangian function belonging to the aether at the point 
X, y, z is 

i [^ 1"+ G I +iT^-X/- Yg^Zh^ dxdydz, 

and in this form it is properly expressed in terms of the 
electrical coordinates and their time rates of variation. It 
ought to be observed however that this Lagrangian function 
is not expressed in terms of all the coordinates which specify 
degrees of freedom of the aether ; it is a modified* Lagrangian 
function expressed in terms of coordinates less in number, the 
original coordinates having been in part eliminated by the 
process by which the function has been built up. A knowledge 
of this Lagrangian function does not then supply sufficient data 

 See § 31. 
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from ^hich to develop the dynamics of the aether ; when how- 
ever in addition the convection currents are completely known, 
the data are sufficient to determine the relations of the aether 
to material media so far as these relations are electrical. 



24. The expression for the Lagrangian function given above 
is the one which is natural to Maxwell's dynamical theory as 
presented in Chapters v. to ix. of the second volume of his 
treatise, but in § 635 he gives the second expression 



r— 1 1 1 (aa + 6)8 -h 07) dx dy dz 



Sir 

for the electrokinetic energy, the part contributed by the aether 
at the point oc, y, z being 



^jjj{a^-^^ + rf)dxdydz. 



Stt 

In § 636 he assigns a reason for choosing this second expression 
as the proper one when he says : " The electrokinetic energy of 
the system may therefore be expressed either as an integral to 
be taken where there are electric currents, or as an integral to 
be taken over every part of the field in which magnetic force 
exists. The first integral, however, is the natural expression of 
the theory which supposes the currents to act upon each other 
directly at a distance, while the second is appropriate to the 
theory which endeavours to explain the action between the 
currents by means of some intermediate action in the space 
between them." Now in either case it is a modified Lagran- 
gian function which is obtained and the kinetic energy portion 
of such a function is made up of portions contributed from 
every place where there are time rates of variation of the 
coordinates in terms of which the function is expressed, not of 
portions contributed from every place where there is motion ; 
for example, in the theory of the motion of bodies through a 
liquid the modified Lagrangian function which is there used 
does not express the kinetic energy as an integral taken 
throughout the liquid but in terms of the coordinates which 
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specify the degrees of freedom of the bodies. Thus the ex- 
pression of the kinetic energy as a sum to which every place 
where there is motion contributes is unnecessary ; as has been 
already stated, the electrokinetic energy and the kinetic energy 
of the aether are diflferent things. Further the transformation 
by which the second expression for the electrokinetic energy is 
obtained from the first is in general invalid. Maxwell's pro- 
cedure § 635 is to write for the currents in the first expression 
their equivalents in terms of the magnetic force and then 
integrate by parts; in this way the electrokinetic energy is 
expressed as a volume integral taken throughout all space and 
a surface integral taken over the surface of the infinitely distant 
boundary, this latter being omitted on the ground that at a 
great distance r ftx>m the system the components of the 
magnetic force are of the order of magnitude r""'; but this 
is only true for the case when all the currents are steady, which 
is the case Maxwell appears to be thinking of, and then the 
transformation is legitimate. When the case is that of the 
propagation of waves, the components of the magnetic force 
at a great distance r contain terms of the type C**/r, as do the 
components of the electrokinetic momentum, and the surface 
integral is no longer negligible, its value being really* indeter- 
minate. The argument which has been sometimes used to 
justify a transformation of this kind in the case of waves — 
that if all the sources of the disturbance are at a finite distance 
from the origin, the surface integral over an infinitely distant 
boundary cannot influence the state qf affairs at a finite distance 
— neglects the fact that the mathematical treatment of trains 
of waves postulates an infinite time during which the dis- 
turbances have been going on, and that therefore, however 
remote the boundary may be taken, the disturbances have 
already produced their effect there*. It follows then that 



* It is also clear that, if instead of a train of waves a number of disturbances 
supposed to have been set up at definite times be considered, the transformation 
is still invalid as the functions necessary to represent this state of affairs are 
discontinuous and the integration by parts required for the transformation 
cannot be effected. 

M. B. W. 3 
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Maxwell's second expression for the electrokinetic energy is 
inadmissible. 

25. The use of Maxwell's second expression for the electro- 
kinetic energy has led to the assumption that Maxwell's electro- 
magnetic theory and MacCullagh's optical theory are the same, 
the Lagrangian functions of both theories being then identical. 
This has further led to the identification (tentatively) of the 
magnetic induction as the velocity of the aether; from what 
has been said above it follows that both these assumptions are 
illegitimate, and that conclusions based on them must be 
rejected. The identification of the magnetic induction as 
the velocity of the aether has led to the result that the 
velocity of propagation of light ought to be altered, though 
possibly to an insensible extent, by a magnetic field* ; the 
use of the proper form of the Lagrangian function (Maxwell's 
first form), however, leads to equations to determine the pro- 
pagation of electrical effects, which are unaltered by the 
introduction of a magnetic field, so that the velocity of 
propagation of light is unaltered, agreeing with Lodge's 
experimental resultf. The difficulties concerning permanent 
magnets due to the identification of Maxwell's theory with 
MacCullagh's likewise disappear. The conclusion then is that 
MacCullagh's theory is essentially different from Maxwell's and 
that Maxwell's theory being in agreement with the phenomena 
is the one which ought to be reta;ined. 

* Larmor, Phil. Trans, (a), 1894. 

t If a^, /3i, 7i are the components of the magnetic force and F^, G^ H^ the 
components of the vector potential of the imposed magnetic field, F^, Gi, H^ 
a-^f Piy 7i are independent of the time. The total components of the electro- 
kinetic momentum are F+F^, G + Gj, JT+JEfi and of the magnetic force a + a^, 
j^+ A * 7 +7i> ^^6^ce if /, g, h are the components of the electric displacement 

since (h, /^i, 7i are derivable from a potential function and 

^""^J- at ox * ^""^ ^' dt dy ' ^""^ ^- dt dz' 

Therefore the equations to determine a, /9, y or /, g, h are the same as when 
there is no imposed magnetic field. 
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CHAPTER V. 



DYNAMICAL THEORY. 

26. The tendency of physical investigations has in general 
been towards the construction of a dynamical theory which 
shall give a consistent account of phenomena, the path pursued 
being to arrive at such a result by inductive methods. The 
fundamental idea underlying attempts at a theory of this kind 
is that direct knowledge is confined to a knowledge of motions, 
the other ideas of dynamics, such as force, being inferences f 
which are useful aids in classifying and explaining phenomena 
in terms of those phenomena which are more intimately known 
and over which there is more immediate control. Instead of 
trying to construct a dynamical theory inductively, another 
mode of proceeding is possible, to assume that all phenomena 
are to be explained on the basis of a dynamical theory and to 
proceed from this deductively. 

The starting-point then is that the Lagrangian function is 
a homogeneous quadratic function of the time rates of variation 
of the coordinates which specify all the degrees of freedom, the 
coefficients of the expression being functions of these co- 
ordinates, and that the time integral of this function taken 
between any two definite times is stationary for the actual 
motion. This Lagrangian function is necessarily constant for 
all time and the principles of the Conservation of Energy and 
of Least Action are included in this statement. What obser- 
vation reveals in any case is a certain number of degrees of 

3—2 
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freedom of motion and corresponding motions taking place; 
knowledge is thus confined to a part only of all the degrees of 
freedom and the question then arises, — What form does the 
dynamical theory take to fit in with this limited knowledge ? 
For convenience the discussion will be divided into several 
cases. . 

27. The degrees of freedom are divided into two sets, one 
set being specified by coordinates y which are known, the other 
set being specified by coordinates x which are unknown. The 
first case to be discussed is that where the Lagrangian function 
contains no terms of the type Gxy and the coefficients are 
functions of the y coordinates only. The Lagrangian function 
L is given by 

where ^oj = i XAuX^ + ^A^x^x^y 

and the coefficients An, Aj2i Ai> ^i2> etc. are functions of the 
y coordinates only. By the well-known process of ignoration of 
coordinates the x coordinates can be eliminated and a modified 
Lagrangian function L' obtained, which is sufficient to determine 
the motions so far as the y coordinates are concerned. The 
coordinates x have to be eliminated from the equations 

^©-i-o- «. 



if£)-o «, 



dt \dxJ 
by mesuis of the relations 

where the quantities { are constant. Writing 

X = i' + 2f A, 
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it may be shewn that the first set of equations is replaced by 

d (dL\ dL 



Q-I- <>'). 



dt\dy J dy 

^ = - g| (*)• 

Now equations (2) are equivalent to 

^ni?i + ^i24+ ... = ?i (2'), 

etc.; 
hence 2fi = A^^x^ + ^A^^x^x^ + . . . , 

that is 2fi? = 22!«, 

and therefore L' ^Ty-^T^^ 

in which T^ is supposed to be expressed in terms of the 
quantities f by means of equations (2') and hence is a function 
of the y coordinates. Thus the motions so far as they depend 
on the y coordinates are completely determined by the 
equations 

dt[dy) dy "' 

where L' = T - F, 

r is a homogeneous quadratic function of the velocities y, 
being that part of the total energy which is due to the motions 
corresponding to the degrees of freedom specified by the y 
coordinates, and F is a function of the y coordinates which is 
equal to that part of the total energy which is due to the 
motions corresponding to the degrees of freedom whose co- 
ordinates have been eliminated. From this follows the possi- 
bility of the existence of a class of motions whose complete 
history can be determined from a knowledge of one function, 
this function being a modified Lagrangian function. An 
example of this class of motions is furnished by the mechanics 
of a conservative system of rigid bodies, the kinetic energy of 
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the system being the function denoted above by T and the 
potential energy the function denoted by F. The Lagrangian 
function of the motion is T — F and from the above T -f F is 
constant, being equal to the Lagrangian function which is 
expressed in terms of all the degrees of freedom. On this view 
then potential energy is the energy of what may be termed the 
concealed motions, that is the energy of those motions which 
correspond to degrees of freedom which are not directly 
observed. 

Another example is that of a rigid body or a number of 
rigid bodies moving through a liquid, the space occupied by 
the liquid being simply connected and the motion of the liquid 
irrotational ; in this case attention is confined to the degrees 
of freedom of the moving bodies. In all such cases certain 
motions corresponding to degrees of freedom which can be 
specified by coordinates y are observed, and to determine 
these motions completely it is only necessary to obtain a know- 
ledge of the modified Lagrangian function which is the difference 
of two functions, these being what are usually termed the 
kinetic and potential energy functions of the motion. This 
knowledge though sufficient to determine the motions depending 
on the observed degrees of freedom, does not suflBce to determine 
the motions depending on the concealed degrees of freedom, 
the coordinates corresponding to which have been eliminated. 
The information which is obtained concerning them, when the 
motion depending on the observed degrees of freedom is of 
the character here discussed, is that the coordinates specifying 
these concealed degrees of freedom enter the original Lagrangian 
function as velocities only, and there are no terms in it which 
contain a product of velocities one of which belongs to the 
observed degrees of freedom and the other to the concealed 
ones. 

28. The second case is that in which the Lagrangian 
function contains no terms of the type Goby but both kinds of 
coordinates occur. The Lagrangian function is in this case 
given by 



iasm 
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where T^ = JSiluii' + 2^i,i;ii?„ 

and the coeflBcients ^n, ^u, Bu, B^, etc. are functions of both 
kinds of coordinates x and y. The equations of motion are 

and writing L^U -k- 2fic, 

where f = ^ (3), 

the equations (1) and (2) are replaced by 

dt\dyj dy ^ ^^^' 

"""""af ' ^""aa; ^^^' 

where as in § 27 L'^^Ty T^, 

Tx being expressed as a function of the x and y coordinates 
and the momenta ^ by means of equations (2). In the motions 
which belong to this class Ty is the energy due to the time 
rates of variation of the coordinates y which are the observed 
ones, and 2!^ ( = F) is what is termed the potential energy, but, 
instead of being expressed as a function of the x and y co- 
ordinates and the momenta ^, it will appear as a function of 
the X and y coordinates, the momenta f being replaced by 
their equivalents as functions of the x coordinates. Thus in 
this case the equations of motion 

d^/az'N az'_ 

dt\dy) dy " ' 
where L^T-V, 

* The experimental data in this case do not necessarily give the equations 
of motion in this form though it is always a possible one. 
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and is a function of the x and y coordinates and the velocities 
y, do not in general suffice to completely determine the motion 
of the system so far as it depends on the y coordinates. The 
time rates of variation of the x coordinates expressed as 
functions of the time must in addition be known ; an important 
case is that where the motion in respect of those of the x 
coordinates which occur in the coefficients is steady, this steady 
motion being completely known. A system of linear circuits, 
in which there are electric currents, moving in a given manner 
is an example of this class of motions. 

29. The third case is that in which the Lagrangian 
function involves terms of the type Gxy but the coefficients 
are functions of the y coordinates only. In this case the 
modified Lagrangian function L\ which results when the 
velocities x are eliminated by means of the relations 

dx " ^' 

is no longer of the form T— F, where T is a homogeneous 
quadratic function of the velocities y and F is a function of 
the coordinates y; there are present in addition terms which 
are linear in the velocities y. As in § 27 a knowledge of the 
modified Lagrangian function is sufficient to completely deter- 
mine the motion so far as it depends on the y coordinates. 
The motion of a system of rigid bodies to which there are 
attached a number of gyrostats furnishes an example of this 
class of motions. A further example is that of a number of 
solids moving through a liquid, the space occupied by the 
liquid being multiply connected. 

30. The remaining case is that in which the Lagrangian 
function contains terms of the type Gxy and the coefficients 
are functions of both kinds of coordinates. In this case the 
modified Lagrangian function is of the same kind as in § 29, 
but it involves the x coordinates, so that as in § 28 a know- 
ledge of this function, when, as in cases where it results from 
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observation, it appears as a function of the x and y coordinates 
and the y velocities, is not in itself sufficient to completely 
determine the motion so far as it depends on the y coordinates. 
The time rates of variation of the x coordinates as functions of 
the time must in addition be known or relations which are 
equivalent. 

31. When the number of degrees of freedom is finite the 
application of the Lagrangian method presents no difficulties. 
When, however, there are an infinite number of degrees of 
freedom, some means of identifying the coordinate which belongs 
to a particular degree of freedom becomes necessary. Tor 
example, if the coordinates can be arranged in a definite order 
forming a numberable aggregate or if each is associated with a 
definite point of a straight line, or more strictly with the 
element of length of the straight line at the point, this length 
being measured from a fixed point on it, the coordinate 
specifying each degree of freedom can be identified and the 
Lagrangian method can be applied. In the first case the 
Lagrangian function has the form of an infinite series and in 
the second of a simple integral. In the same way a coordinate 
or a finite number of coordinates specifying degrees of freedom 
can be associated with each point of a given space; the 
Lagrangian function is then a triple integral taken throughout 
the given space, the coordinates a?, y, z of any point are to be 
treated as numbers serving to identify the dynamical coordinates 
and, in the formation of the dynamical equation by varying the 
Lagrangian function, are to be taken as independent of the 
time. The degrees of freedom of an element of a continuous 
medium can be specified by means of the coordinates of the 
point at which the element is taken and coordinates determining 
the change in position, size and shape of the element as it 
changes its position*. When the Lagrangian function of the 
motion is completely known as a function of the velocities 
belonging to all these coordinates, the coordinates will be 
determined by the resulting equations as functions of the time 

* Appendix B. 
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and of the position of each element at a given time. Now this 
method of specifying the degrees of freedom of a continuous 
medium, though convenient when the Lagrangian function is 
completely known, may be unsuitable when only part of the 
motions can be observed. When part of the motions which 
are not directly observed is the motion of the medium in bulk, 
it is more convenient to conceive of the degrees of freedom as 
specified by the coordinates of each element and coordinates 
determining the change in size and shape of the element which 
at any time occupies a given position, these latter coordinates 
being then associated with the points of space, not with the 
elements of the medium. If from the coordinates certain of 
them denoted by ^ can be chosen so that the Lagrangian 
function has no terms occurring in it which are products of the 
velocities ^ and of any of the other velocities, then by §§ 27, 28 
the modified Lagrangian function which results fi:om the 
elimination of all these latter velocities is of the form jT— F, 
where T is a homogeneous quadratic function of the velocities 
^ and F is a function which does not involve velocities. Now 
the Faraday- Maxwell theory of the electrical behaviour of the 
aether leads to a Lagrangian function of the form T —V, 
where 

^ -Mil {"%*<'% *"'>''*- 

is the electrokinetic energy and 

y= hSSK^f-^ yg + zh) dxdydz 

is the potential energy, /, g, h being the components of a 
vector which is subject at all points of the free aether to the 
condition 

¥^dg^dh^^ 
dx dy dz ' 

and which defines at each point of space two independent 
coordinates specifying electrical degrees of freedom. It then 
follows that the coordinates which specify the degrees of 
freedom of the aether other than the electrical ones appear in 
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the original unmodified Lagrangian function as velocities only 
and further, that there is no term in it which contains a product 
of one of these velocities and a velocity belonging to an 
electrical coordinate; the original Lagrangian function cannot 
itself be constructed from the data. 

32. The difference between free aether and matter being, 
according to the views here held, the presence of discontinuities 
in the aether, the part of the modified Lagrangian function 
which is contributed by the spaces occupied by material media 
is not the integral of 

taken throughout the whole space. The places at which there 
are discontinuities must be omitted from the range of in- 
tegration and further, the part contributed to the Lagrangian 
function by the motions of these discontinuities must be added 
to it. This is the same thing as supposing the above integral 
taken throughout the whole space and adding to it a part 
depending on the discontinuities, so that the Lagrangian 
function now takes the form 

together with a function of the coordinates which specify the 
degrees of freedom of all the discontinuities and of the corre- 
sponding velocities. A complete knowledge of this latter 
function expressed in the form specified cannot be obtained, 
and it has therefore to be replaced by something which will 
represent the effect of the aggregate as already stated, § 18. 
In the case of transparent media observation has shewn that 
the function to be added can be replaced by 

4 ///(^/i + Gffi + Sk - ^/i - Tg, - ZK) dxdydz, 

in which the coordinates oo, y, z of any point now serve to 
specify motion of the material medium as well as to identify 
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the electrical coordinates of the aether. Thus in differentiating 
fii 9iy K with respect to the time, w, y, z are to be treated as 
varying with the time and the equations of motion are those 
already written, § 19. It has been shewn that these equations 
lead to a first approximation to Fresnel's formula for the effect 
of motion of a transparent medium on the propagation of waves 
of light through it. The constant /c, which occurs in these 
equations, depends on the distribution of the discontinuities 
which constitute the material medium and will therefore be 
altered by anything which changes their configuration. Now 
a change in the velocity belonging to any one degree of freedom 
necessitates change in some at least of the other velocities, 
thus corresponding to a different velocity of translation of a 
material medium there will be a different configuration of 
the discontinuities. To obtain the new configuration in terms 
of the former one, the two steady states of motion must be 
compared* ; when these steady states are similar the result is 
that obtained by Larmor, Phil, Trans, a, 1897. The alteration 
depends on the square of the ratio of the velocity of translation 
to that of radiation and contains the explanation of the 
Michelson-Morley second order experiment. In the case of any 
material medium the unknown function depending on the 
degrees of freedom of the discontinuities must be supposed to 
be replaced by a function involving a less number of coordinates. 
These coordinates may be either a number of the original ones 
or be functions of them ; in general after elimination the 
d)niamical equations will be of the type treated of in § 30, the 
modified Lagrangian function not being expressible as the 
difference of a kinetic energy function and a potential energy 
function, though it is to be observed that the coordinates 
which specify degrees of freedom of the aether other than 
electrical ones do not enter into these equations. The above 
result in respect of the comparison of the configurations of the 
discontinuities for two steady states of motion still holds pro- 
vided these states are similar, and effects such as the dissipation 
of electric energy in conductors, absorption, etc., are to be 

* Appendix C. 
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explained by changes in the configuration of the discon- 
tinuities. 

33. The theory developed above is djoiamical and starts 
from the assumption that the Lagrangian function of the 
motions taking place is a homogeneous quadratic function of 
the velocities belonging to all the degrees of freedom. A 
knowledge of a part only of these motions is obtained from 
experiment and the Lagrangian function built up from experi- 
mental data is the modified function which would result from 
the elimination of the coordinates belonging to the unobserved 
motions. This modified function in some cases takes the 
form of the difference of two functions usually termed the 
kinetic energy and the potential energy of the motion. The 
Lagrangian function built up from experimental data which is 
arrived at in the Faraday- Maxwell theory is of this type, when 
the coordinates specifying degrees of freedom of the aether 
other than those which have been termed electrical have been 
eliminated, and involves, in addition to these electrical coordi- 
nates, others specifying the degrees of freedom of all the 
discontinuities in the aether the presence of which constitutes 
matter. This modified function, if it could be written down, 
would suffice to determine the history of all electrical 
changes whether they are classified as belonging to electricity, 
magnetism, heat, light or chemistry; a complete knowledge 
of the motions determined by the coordinates belonging to 
degrees of freedom of the aether which have been eliminated 
cannot be obtained from it. The difference between magnetic 
and non-magnetic material media can be explained by the 
possible diflferences in the geometrical form of the discon- 
tinuities, it being non-magnetic if the discontinuities leave 
the space simply-connected, magnetic if otherwise. When the 
effects under consideration are those in material media what is 
obtained is a Lagrangian function or dynamical equations 
involving, instead of coordinates specifying all the degrees of 
freedom of the discontinuities, a less number, the others having 
been eliminated, and what has to be aimed at is equations 
involving the least number of coordinates which will eflFectively 
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represent the changes taking place. When effects are observed 
which are not included in this representation the number of 
coordinates in evidence must be increased, these new effects of 
necessity belonging to the degrees of freedom the coordinates 
corresponding to which have previously been eliminated. If an 
eflfect were observed which could not be assigned to possible 
motions corresponding to the degrees of freedom of the discon- 
tinuities, it would furnish information about the motions of the 
aether, the coordinates corresponding to which have been 
eliminated, and hence aid in the explanation of gravitation, 
which is an effect belonging to these concealed motions. 

34. It appears from the above that on a dynamical theory 
the existence of a potential energy function necessitates the 
existence of concealed motions the coordinates corresponding 
to which have been eliminated. Hence on the fixed aether 
theory of Lorentz, where the aether is supposed to possess only 
electrical degrees of freedom, there could be no potential energy 
function contributed by the free aether, whether the ions be 
supposed to possess inertia or not. Thus the theory is not a 
dynamical theory. Even if the aether be supposed to have, in 
addition to the electrical motions, other motions which in com- 
parison with them are negligible, it is diflRcult to see how these 
could give rise to a potential energy function contributed by the 
free aether which would not be negligible in comparison with 
the kinetic energy function. A further objection to either form 
of the theory is that no adequate provision is made for the 
explanation of gravitation. On the other hand, the theory 
here developed is consistent with the obtaining of equations 
to determine the electrical motions and of expressions for the 
mechanical forces due to these motions acting on material media 
which are the same as those which have been made the basis of 
his investigations by Larmor, Phil. Trans. A, 1897, "Aether and 
Matter," 1900, and the results there arrived at constitute 
powerful evidence for the truth of these equations and ex- 
pressions within their range of applicability. Further, the 
theory provides for the explanation of gravitation and of 
other unexplained effects, if there should be any others which 
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are not electrical, by means of the concealed motions of the 
aether which on this theory give rise to the potential energy 
function contributed by the free aether. It also shews that, 
in the investigation of any particular class of effects, attention 
can be concentrated on the motions accompanying these effects, 
other motions being treated as belonging to coordinates which 
have been eliminated, the simplest case being that treated of 
§ 27 where the characteristics are those of a conservative system 
and which includes the greater number of physical phenomena 
so far investigated. 



CHAPTER VI. 



PROPAGATION OF ELECTRICAL EFFECTS IN 
SIMPLY-CONNECTED SPACES. 

36. In the investigations of this chapter the conductors 
will be assumed to be perfect conductors, the effect of imperfect 
conduction in the case of waves of a frequency as high as that 
of Hertzian waves being negligible. By what has been shewn, 
§ 12, since the tangential electric force at the surface of such a 
conductor vanishes, the wave fronts must everywhere at the 
surface of a conductor either be tangential to it or cut it at 
right angles. Taking first the case where the wave front at 
the surface of a conductor is tangential to it, it appears that 
the waves are reflected at the surface of a conductor and then 
travel outwards from it; thus in order that the oscillations 
should be permanent the waves must all be reflected again or 
must be maintained by some external influence, in which case 
they are not free oscillations. In the case of a single conductor 
whose exterior surface is everywhere convex a disturbance of 
this character arriving at the surface is reflected there, and then 
travels outwards into infinite space so that there can be no 
permanent free oscillations of this kind belonging to such a 
conductor. When the exterior surface of the conductor is not 
everywhere convex or when there are a number of conductors, 
a portion of the disturbance will be reflected a second time and 
so on, but the whole disturbance is not reflected; thus there 
are no permanent free oscillations of the character considered 
belonging to the space exterior to a system of conductors. 
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When the wave fronts cut the surface of a conductor at 
right angles, let a definite wave front be selected and followed 
in its course ; at any instant of time it intersects the surface 
of a conductor in a closed curve and, as the space is simply 
connected, this curve reduces itself to a point somewhere on 
the surface of the conductor, the wave front as this point is 
approached becomes conical in form and unless at the same 
time it intersects another conductor the wave will travel 
outwards into infinite space and the oscillations will not be 
permanent. Thus for permanent free oscillations the space 
determined by the conducting surfaces must, if simply connected, 
be closed and finite in extent. This result might be inferred 
from the fact that it is the aether which possesses what corre- 
sponds to inertia, and that the effect of indefinitely increasing 
a simply-connected space which is occupied by something which 
possesses inertia is to make it possible to have waves of all 
periods propagated through it. 

36. In illustration of the foregoing the possible free 
oscillations in the space between two concentric spherical 
surfaces will be considered. If f, 17, f denote orthogonal 
curvilinear coordinates, the equations expressing current strength 
in terms of magnetic force and magnetic induction in terms of 
electric force are, §9, 

where u, v, w are the components of cuiTent strength, a, /8, 7 
the components of the magnetic force, a, 6, c of the magnetic 
induction and JT, F, Z of the electric force, these components 

M. E. W. 4 
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being estimated along the normals to the surfaces definied 
respectively by f = const., 17 = const., fs const., the elements 

of length in these directions being -r* IT ' T ' '^^^^^ ^^ 
equivalent to 



and 






db _j , {d/X\ d (Z' 



y 



J 



In the case of polar coordinates r, 6, <f> they become 



47rM = 



4?™ 






\ 



and 



47rw = - 



da 
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dt 

dc 
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(1). 



(2). 



.(3), 



.(4). 



The equations are now in a form which is convenient for the 
treatment of the space between two concentric spherical sur- 
faces. In the cases to be here treated the concentric spherical 
surfaces bounding the space will be supposed to be perfectly 
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conducting surfaces and the medium occupying the space will 
be supposed to be non-magnetic. The magnetic force and the 
magnetic induction are then identical and the current strength 
is given in terms of the electric force by the relations 

_ 1 dX 1 dY I dZ 

where V is the velocity of propagation of electrical effects 
through the medium. The conditions to be satisfied at a 
bounding surface are 

F=0, Z=0, 

It is not difficult to see that any case can be built up from the 
following two simple cases. First X = 0, F= throughout the 
space and on the boundaries, secondly a = 0, /8 = throughout 
the space and on the boundaries ; these correspond respectively 
to the typical cases in which the wave fronts are first tangential 
to the bounding surfaces, secondly, orthogonal to them. Taking 
the case where only the Z component of the electric force does 
not vanish, the equations (3) and (4) give 

V^ dt r \dr ^'^'^^ de\ 

1 

at r^ sm udu 
- ^ = ^-^ 5" {Zr sm 0\ 

dt ^* 
Hence 

1 d'Z 1 d'r..^. Id 



V^ dt^ r sin 
that is, writing fi for cos 0y 



9^ /fy • /\\ 19(1 9 /#»- . /ivl 



I 4—2 
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^'- 27r 

Assuming Zr sin ^ = j^g 2" and putting y^ = ^> X satisfies the 

equation 

9' i-z^^a^ 



Therefore 






where P» (/x) is the zonal harmonic of order n, and w is an integer, 
because ;^ has to be finite for all values of fi from — 1 to 1 
inclusive. The function Rn is given by the equation 



d^Rn 



+ (,«_l(^)iJ„ = 0; 



that is i2„ = r* [AJn+^ (kv) + BJ..^-^ (kv)} . 

If r = r^ and ?• = Vi define the bounding surfaces the boundary 
conditions give 

AJn+i (fcvo) + BJ^n-\ (fcro) = 0, 

AJn+^ (fcvi) + BJ^.^ (/cr^) = 0, 

whence Jn+i (fcn) J-n-j (fcrj) = J"^j (kv^) J^n-^ (zero), 

an equation to determine k and thence the possible free periods. 
When Vq and Vi are both finite, this equation has an infinite 
number of real roots and no others; an interesting particular 
case is that when r© = 0, the equation then is 

/n+i (/cr^) = 0, 

and gives the possible free periods of electrical oscillations 
in a spherical space. When r-j becomes indefinitely great 

/ 2 / 71 + 1 \ 

Jn+^iKVi) tends to the value a / cosIkVi ^ — ttJ and 

JLn-i ('^^i) *^ ^^^ value . / cos (/cri + ^7rj, so that the 

equation to determine the free periods becomes 

*^n+i (/CTo) cos (kVi + ^ j = J^n-i {kVq) COS T/cri g- TT j , 
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an equation which is satisfied by all values of k when r^ becomes 
infinite. The interpretation of this is that belonging to the 
space exterior to a sphere there are no free periods of electrical 
oscillations of this type, but that waves of any period can be 
propagated in it. 

Taking now the case a = 0, /8 = 0, where the wave fronts are 
orthogonal to the bounding surfaces, the equations become 

4iTru = ^ . ^ ^ (yr sin 0), 

47rt; = .— ^ -r- (tt sin ^), 

r sm ^ dr ' 

w = 0, 

and it is clear that 7 satisfies the same equation as Z does 
above, hence 

yrsm0 = XRna-fi')^-p^, 

where Rn = r^ [AJn^ (fcr) + BJ.,,^ {Kr)\ 

the boundary conditions now being 

^ (yr sin 0) = 0, 

when r=^ro and r = ri. Therefore corresponding to the harmonic 
of order n the equation to determine k and thence the periods is 

an equation possessing, when ro and Vi are both finite, an 
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infinite number of real roots and no others. When r© vanishes 
the equation is 

9^^ {ri*/n+i (fcr,)} = 0, 

giving the free periods belonging to a spherical space for this 
type of wave. As before, when r^ becomes indefinitely great 
the equation is ultimately satisfied by all values of /c. Thus 
in the space exterior to a sphere there can be no permanent 
free electrical oscillations. 

37. Corresponding to any closed surface there are, as was 
seen in § 35, definite free periods belonging to the possible free 
electrical oscillations which can permanently exist in the space 
inside. Condensers are a particular case of this, and when the two 
faces of the condenser are very close together the free periods 
can in a great number of cases be simply determined. The 
results for various forms of thin condensers have been given by 
Larmor*. Taking equations (1) and (2) § 36 and choosing the 
surfaces f so that ?= ?©* ?= ?i ^^e the two bounding surfaces of 
the condenser, a choice which can always be made when the 
electrostatic problem is solved, the boundary conditions are 
X = 0, F=0 at both surfaces. 

Two cases arise, the one being that for which X and Y both 
vanish throughout the condenser and for which the wave fronts 
cut the surfaces of the condenser orthogonally, the other being 
the conjugate case for which a and /3 vanish throughout and for 
which the wave fronts are tangential to the bounding surfaces. 
In the second case it is clear that the wave lengths will be very 
short and therefore the periods will be very high, so that the 
first is the important case; for it equations (1) and (2) become 



AiTrw = h^h^ 



M U) dri \hj\ ' 






'^ a? (J ' 



dt " '^ a^ \h,j 

* Proc, Land. Math, Soc, yol. xxvi. 1894. 
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whence 









When the surfaces determined by 5"= 5) and f=Si are closed 
surfaces, this equation suffices to determine completely the 
circumstances, the condition that Z should be everywhere in 
the medium finite determining the possible free periods. An 
example is furnished by the case of a spherical condenser ; the 
result in this case is at once deduced from the frequency 
equation given in § 36 which becomes, when ri — r© is very 
small, 

n being an integer. 

When the bounding surfaces are not closed surfaces, the 
contours bounding the surfaces may be supposed to be joined 
by a perfectly conducting surface determined by some relation 
between f and ?;, the tangential electric force over this surface 
would have to vanish and this condition would give an equation 
to determine the free periods. In actual condensers the medium 
between the two faces is in communication with the medium 
outside, the ends not being closed; if waves proper to the 
space closed as above be supposed to be set up and then left 
to themselves, their energy would be rapidly radiated into space, 
as the conditions imposed suppose them to be reflected at the 
ends. If the faces at the ends be supposed to be so close 
together that their distance apart at any point is small 
compared with the wave length of a possible oscillation, an 
approximation to the free periods of these possible oscillations 
can be obtained on the assumption that the ends of the 
condenser are loops, the condition then being that the magnetic 
force tangential to the edge of a face vanishes. 

When the condenser is formed by two nearly closed surfaces 
the free periods so found will diflfer but slightly from those 
found on the assumption that the surfaces are closed. For 
example, in the case of the condenser formed by two concentric 
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spheres pierced by small apertures, one in each sphere opposite 
each other, the frequency equation is 

w (w + 1) = /cVo*, 

where n is not now an integer but is determined by the condition 
that 

dPn 



dfi 



= 



at the edge of the aperture. If a be the angle subtended by 
the radius of the aperture, supposed circular and very small, 
at the centre of the sphere, the roots of this equation are 
given by* 

where k has all positive integral values including zero and these 
values differ but little from the integral values of n. It may 
be inferred by reasoning similar to that of § 35 that in the case 
of a partially enclosed space, the boundary being supposed to 
be perfectly conducting, free oscillations with a certain degree 
of persistence are possible, the persistence being considerable 
if the linear dimensions of the aperture are small compared 
with the wave length, or if the aperture is a slit whose width 
is everywhere small compared with the wave length. An 
approximation can be obtained in the case of a condenser 
whose faces are parallel plates at a distance d apart small 
compared with the wave length \. The correction for the 
open end is approximately a which is given byf 



=^h^+n'(^)+5]' 



and the magnetic induction in the space between the plates is 
approximately given by 



c^A 



. 27r. . ^ ird 2irx . 7\ 

sin -r- (a? — a) cos nt — r- cos -— — sm nt , 



• Macdonald, Proc, Lond. Math, Soc. Vol. xxxi. 1899. 
t Appendix D. 
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where Stt/h is the period ; whence the radiation from the open 
ends can be calculated. 

38. If the two bounding surfaces of the condenser are not 
closed surfaces, the free periods will be practically unaltered by 
joining the opposite faces by a very thin wire, whether the ends 
be supposed closed by a perfectly conducting surface or not. 
For example, take the case of the condenser formed by two 
circular plates of equal area, the one being exactly opposite to 
the other. If Vi be the radius of either plate, Vq the radius of a 
thin wire joining them at their centres, the frequency equation, 
when the ends are supposed closed by a perfectly conducting 

surface, is Jn (/cr,) = y ^/^°^ Yn (/erO, 

where n is any integer, and when the ends are not closed is 

J. n \i^iq) 

In either case, r© being very small, no new free period is 
introduced and the alteration in those already existing is very 
small. 

When the bounding surfaces of the condenser are closed 
surfaces a new period is introduced by joining the faces, this 
period being very long. In the case of the condenser formed 
by two concentric spherical surfaces, let the wire, supposed to 
be very thin, be taken as the axis of the harmonics, then for 
oscillations in which the nodal lines are circles of latitude, the 
frequency equation is 

n(/i + l) = /cV, 

where n satisfies the equation 

Pn{ - cosa) = 0, 

a being the angle subtended at the centre of the sphere by the 
radius of the wire. The roots of this equation are given by* 

1 



n = k + 



9' 
21og- 



Macdonald, loc, eiU 
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where k has all integral values including zero; and corresponding 

1 



to w = 



2 log? 



there is a possible oscillation of very long period. 

39. When a constraint is suddenly set up or removed at 
any point of the medium, the corresponding disturbance is 
propagated outwards from this point in all directions with the 
velocity of radiation, each point taking it up as it arrives there 
and reverting to a steady state after it has passed over it. 
The complete solution in any case where the original disturbance 
is confined to a finite space is to be found by the application of 
the results of § 15 ; examples have been worked out in detail 
by Heaviside*. The distinctive feature of such cas^s is that 
the disturbance produced at any point lasts for a definite time, 
which can be very simply determined. When, however, the 
space in which the disturbance originates is not finite there is 
no such definite time. An example of this kind is furnished 
by the suppression of a field of electric force external to a 
conducting surface, the space outside the conductor being 
infinitely extended. In this case a continuous series of 
disturbances arrive at the surface of the conductor, are reflected 
there and then propagated outwards into space. A knowledge 
of the reflected disturbances is sufficient to determine the 
distribution on the surface at any time subsequent to the 
suppression of the field of force. An example of this kind is 
that where a uniform field of electric force external to a sphere 
is suppressed ; the expression for the magnetic force due to the 
reflected disturbances is that given by J. J. Thomson f 

asin^L a a^) -^^^ ,^ ., 

* Electrical Papers^ Vol. n. pp. 375—467. 

t Proc, Lond. Math, Soc. Vol. xv. p. 210, 1884; Recent Researches in 
Electricity and Magnetism, p. 370. 
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where ^ = h- ( ^^ — ^)> 

tan o = tan -^ ; 

r + SL 3 

and this expression exists up to a distance from the centre of 
the sphere a + Vt, which defines the greatest distance to which 
the reflected disturbances have attained at a time t subsequent 
to the suppression of the field of force. The electrical distri- 
bution on the surface of the sphere at any instant immediately 
follows. The example of an ellipsoidal conductor under the 
same circumstances has, more particularly for the case when the 
ellipsoid is of revolution about its greatest axis, been investigated 
by Abraham*. 

40. It appears from § 37 that, when there are condensers 
whose bounding surfaces are not closed or partially enclosed 
spaces, the bounding surfaces being in both cases supposed to 
be perfectly conducting, there are free oscillations belonging to 
these spaces, which after having been set up have their energy 
radiated out from the ends of the condenser or through the 
aperture of the partially enclosed space, the rate at which the 
oscillations die away depending on the nature of the aperture. 
The possibility of successive reflexions of the waves in the 
simply-connected space is the essential condition for the 
continued existence of free oscillations whether permanent 
or not; it therefore follows that there will be possible free 
oscillations, though not permanent, when there is a space 
occupied by a dielectric medium which is different from the 
medium surrounding it. 

As an illustration let there be two dielectric media, one of 
them occup)ring the space inside the surface of a sphere of 
radius r©, the other the space outside this surface, and let the 
ratio of the squares of the velocities of radiation in the two 

* Annalen der Physik und Ghemie^ Bd. 66, 1898. 



60 PROPAGATION OF ELECTRICAL EFFECTS [VI 

media be K, Then as in § 36 the solution proper to the space 
inside the sphere, omitting the time factor, is given by 

yr sin ^ = ^r* /„+i (^) (1 - /i») ^\ 

that case being considered where the wave fronts are orthogonal 
to the surface of the sphere and where 

47r* 



/e* = 



y^rfi* 



V being the velocity of radiation in the medium inside the 
sphere. The solution for the space outside the sphere is given 

by yr sin d = A'r^ {Jl„_j (Xr) - «-(»+*) -/«+* (Xr)} (!-/.») ^ , 

47r^ 
where \« = y^^^ = Kk\ 

Both media being assumed to be non-magnetic, the boundary 
conditions are 

A Jn+i i'cn) = A' {J^^ (Xn) - «-<'*+*> - Jn+i (Xro)}, 
A ^^{ro^Jn^(Kr,)}=A'^[r,^J^^^ 
whence the equation to determine k is 

= |; [ro* { J_„_j (Xn) - e-<»+*) " Jn+i (\r,)}] /^ (/w,), ^ 
that is after reduction 

= - X Jn+i (i^n) {/_nH^ (Xn) + e-^»+*) - J"„^ (Xro)}. 

It will be sufficient as an illustration to consider the case 
when n = 1 ; in this case the equation becomes 

/ 1 \ ^ /sin KTo \ ^ 

icsm*:rol t — — ) +X f cos^roj = 0, 

that is tan zero = — 



K X ' 

tK- 1 

Xro fcr^ 
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or tan kv^ •=■ 



Kt + 



ns/K 

The roots of this equation have their imaginary parts 
negative, these being very great when K differs but little 
from unity; thus where the media have their velocities of 
radiation nearly equal free oscillations die away almost instan- 
taneously, when the velocities of radiation differ considerably 
the oscillations will persist for some time. 

41. The result of the preceding is that, when a space 
bounded by conductors is simply connected, there are free 
oscillations belonging to finite spaces occupied by dielectric 
media, for any given finite space there being .definite free 
periods which in general will be infinite in number. When 
there are spaces, occupied by dielectric media, which are 
partially enclosed by conducting surfaces free oscillations are 
possible, these oscillatious dying away with a rapidity depending 
on the dimensions of the aperture by which the medium in the 
partially enclosed space communicates with that outside. When 
there are closed spaces in the medium occupied by different 
dielectric media, free oscillations are possible which decay with 
a rapidity depending on the difference between the velocities 
of radiation in the medium occupying a closed space and in the 
surrounding medium. These results can be utilised to form 
an idea of what is taking place when electrical disturbances are 
generated as in the case of Hertz' oscillator. The disturbances 
generated are propagated outwards from it with the velocity of 
radiation of the surrounding medium, and if this medium were 
everywhere the same and there were no partially enclosed 
spaces bounded by conducting surfaces, the disturbances would 
cease instantaneously to be propagated outwards when they 
ceased to be generated. This agrees with Bjerknes'* experi- 
ments where the disturbances are found to die away almost at 
once. 

* Annalen der Physik und Chemie, Bd. 44, 1891. 



CHAPTER VII. 

PROPAGATION OF ELECTRICAL EFFECTS IN 
MULTIPLY-CONNECTED SPACES. 

42. If there is a single perfect conductor whose surface 
is such that the space outside it is doubly connected, then 
resuming the argument of § 35 and considering the case where 
the wave fronts cut the surface of the conductor orthogonally, 
it follows that starting from any position of a wave front cutting 
the surface of the conductor in a closed curve A, and travelling 
with this wave front, the curve A will in no position become 
evanescent, and free permanent electrical oscillations will be 
possible, their periods being determined by the condition that, 
when the wave front has returned to the position from which 
it started, the wave is in the same phase. This result as well 
as that of § 35 can be deduced from the equations (6) of § 13. 
The result can be extended at once to the case where there are 
any number of conductors and the order of connexion of the 
space is any integer greater than two. The simplest case is 
that of a very thin wire in the form of a closed circuit ; the 
free periods in this case are given by sjnV, where s is the 
length of the wire, V is the velocity of radiation in the 
medium outside the wire and n is any integer. 

43. A solution can easily be obtained for the case of waves 
propagated in the direction of any number of parallel straight 
conductors. Let the axis of z be chosen in the direction of the 
conductors and let the transformation 
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be determined so that the curves r) = const, include the bound- 
aries of the cross sections of the conductors by any plane 
parallel to z = 0; the equations expressed in terms of the 
coordinates f, rj, z are, § 36, the medium being supposed 
non-magnetic, 



^-=^'MI(S-al(|)} 

a^ /X\ _ a /^' 
la^UJ afW 



^•mo = AiA 



3 



^^ hh 









In this case the wave fronts are plane and are given by = const. 
Hence the equations become, remembering that 

As = 1, Ai = Aa = «/, 



4iirc =J 



dz\Jj 



= 

da 
dt 



d^\JJ dv\JJ' 



a^ r a./.^ 
a< a^ 



(f)' 



a^Uy ai/U/' 
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From the last of these it follows that X and Y can be derived 
from a potential 'y^, that is 

9f dff 

and the other equations become 



V d^dt " "^ dz \J) ' 
F« dvdt " dz j) ' 



dt dzd^' 

which are all satisfied if 

F« "9F ■" a^ ' 
^ ayr_ 

The boundary conditions are satisfied if yfr is constant over 
the boundary. The type of solution is then given by 

thus whenever the transformation can be found, the corre- 
spending problem can be solved. For any num^^er of thin 
wires the solution is 

'^ = 2^1ogr.e^(^**^), \ 

where r is the distance from one of the wires and the summation 
is extended to all the wires. This result can be used! to obtain 
the effect of a cylindrical conductor on the waves in' the wire. 
For example, the effect of a circular cylindrical conducltor, when 



1 



VIl] IN MULTIPLY-CONNECTED SPACES 65 

there is one wire outside it parallel to it, is obtained by sup- 
posing the cylinder to be removed and another thin wire placed 
at the image of the former in the cylinder. The solution for 
the case where the medium is not the same throughout can 
also be obtained in two cases, viz. when the surfaces separating 
two different media are planes perpendicular to the wires, and 
when the surfaces separating them are cylindrical, their gene- 
rators being parallel to the wires*. 

44. It was shewn in § 13 that, if the magnetic force at each 
point of the surface of the perfect conductors were known, the 
electric and magnetic forces at each point of the medium could 
be expressed in the form of surface integrals taken over the 
surfaces of the conductors. When a conductor is a very thin 
wire, these surface integrals become, in the limit, line integrals 
taken along the wire and equations (6) § 13 take the form 

9* 9* 9" \ e~-'*»* 

r/ 9^ 9^ 9^* \ e^""^ 

where, to a factor, L is the line integral of the magnetic force 
taken round the section of the thin wire. Observing that 
li, rrii, Til are now the direction cosines of the tangent to the 
wire at a point (xq, y^y Zq) on it and that 

d_ (e^\ __ _ _9^ (?^\ 
dx\r) dxQ\rJ' '' 

the expressions for X, F, Z become 

9 e'"^] , ^ e~""^1 






'■i.- 



+ K%L dsy 



* Cf. Lord Rayleigh, Phil, Mag, August, 1897. 
M. E. W. 5 
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which, since the wire forms a closed circuit, are equivalent to 

oyj r as J r 



ozj r OS J r 



ds. 



It remains now to determine L to satisfy the boundary con- 
ditions at the surface of the wire. Assuming that the radius 
of the wire r© is small in comparison with the wave length, at a 
point on the wire 






liLd8=-'2li log VqL, . 



r 

dL 

where L, — , ii, etc. are the values of these quantities at the 

point of the wire under consideration, the curvature of the 
wire at that point being continuous, and only the most im- 
portant parts of the integrals being retained. In the case 
then of a single wire forming a closed circuit, the condition to 
be satisfied at any point is that 



-2logn(|^ + «'i). 



this being the component of the electric force along the wire, 
should vanish at every point of it. The component of the 
electric force tangential to the cross section of the wire ob- 
viously vanishes. The above condition requires 

and further, since after travelling round the circuit once L must 
return to the value from which it started, ^^o must be a multiple 
of 27r, where Sq is the length of the wire. The expressions for 
the components of the electric force at any point, when there is 
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a single thin wire in the form of a closed circuit along which 
steady waves are travelling, are 

where Am = Cm e**-^^, 0^ is a constant, and k^ = 2?n7r/5o, m being 
an integer. These expressions hold accurately in the limit when 
the cross section of the wire is indefinitely diminished, provided 
that the curvature is at all points of the circuit continuous. 

45. When the wire is not supposed to be indefinitely thin, 
these expressions will still be a first approximation to the accu- 
rate ones. The component of the electric force normal to the 
surface of the wire at any point along a cross section has a 
term which involves log ro as a factor, where r© is the radius of 
the thin wire. The next term in order of magnitude cannot 
be obtained from the line integral; to obtain it the surface 
integrals of equations (6) § 13 must be used, as to this order 
the magnetic force cannot be taken constant along a cross 
section. The result will be a term which, when r^ is small 
compared with the radius of curvature of the wire, is negligible 
in comparison with the first term. Thus the result given 
above § 44 is applicable in the case of a thin wire whose radius 
r© is small compared with the radius of curvature of the wire 
and with the wave length of the oscillations*. 

46. When electric waves are incident on a closed perfectly 
conducting wire the surface integrals must also be used to 
express the electfic forces, as in this case the line integral of 

* The case of a wire in the form of a circle has been discuBsed by Pocklington, 
Camb. Phil. Soc. Proc. 1892; he finds a complex value for the fundamental 
period when the cross section is finite ; this has arisen from his expressing the 
electric forces by means of line integrals, which is illegitimate when the cross 
section is finite; in the limit when the cross section is negligible his results 
agree with those which would follow from the methods set forth above. 

5—2 
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the magnetic force taken round a curve looping the wire is 
evanescent with the curve. Thus L is zero so far as it depends 
on the incident waves, and if the cross section of the wire be 
supposed to be circular the magnetic force at any point on it 
will be expressible as a Fourier series involving sines of mul- 
tiples of the azimuth. The induced vibrations will be most 
definite when the coefficients in this Fourier series are periodic 
of the same period as a system of steady waves belonging to 
the circuit, and then waves will travel along the wire with the 
velocity of radiation of the medium outside the wire just as in 
the case of the waves belonging to the circuit. These induced 
vibrations have been utilised by Blondlot* to determine experi- 
mentally the circumstances of the propagation of electric waves 
along wires. 

In the above the wires have been assumed to be perfectly 
conducting; the effect of imperfect conduction in a straight 
wire has been discussed by Sommerfeldf , the result arrived at 
being that the effect is very small. The investigation assumes 
that the energy of the waves is dissipated according to Ohm's 
law, which although true for very long waves is unlikely to 
hold for short waves; evidence for any theory as to how the 
propagation of waves of short wave length is affected by resist- 
ance has yet to be obtained. The results of § 44 for a single 
circuit can now, in virtue of what has been stated as to induced 
vibrations in a circuit, be extended to any number of circuits, 
the result being a sum of expressions of the kind there given. 
This can be used to construct solvable cases as to the effect of 
conductors on waves in a closed circuit just as in the case of 
potential theory. 

* Journal de Phynque, Vol. x. 

t Annalen der Physik und Chemie, Bd. GTy 1899. 
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47. It has already been shewn in Chapter iv. that 
Maxwell's second expression for the electrokinetic energy, 
which expresses it as one half of the vector product of the 
magnetic induction and the magnetic force per unit volume, 
is, in any case where electrical effects are being propagated, 
inconsistent with his first expression, which is the one built 
up from the results of observation. The analytical expression 
for the change of electric energy inside any closed surface, or 
for the rate of transfer of energy across the surface, will therefore 
be different from that given by Poynting*, who has in his 
investigation taken the second expression for the measure of 
the electrokinetic energy. 

The amount of electric energy inside a closed surface, which 
does not enclose any conductors or electric charges, is by § 23 

4///{^/ ■hGg + Hh+ Z/+ Yg + Zh} dxdydz, 

where Fy O, H are the components of the electrokinetic 
momentum, X, F, Z are the components of the electric force, 
y, g, h are the components of the electric displacement at the 
point X, y, z, and the integral is taken throughout the space 
enclosed by the surface. The time rate of change of this 
quantity is 

+ X/+Yg + ^h + X/-t Y§ + Zh]da:dydz; 

* Phil. Tram., 1884. 
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now Z = 47rFy; Y=4>7rV% Z=4nrV% 

, ^_ dF d(t> ^_ dO d4> „_ dH d<l> 
ana Ji g^^g^* ^ 9^ "g^* ^-- 9^ -9^> 

whence the time rate of increase of the energy inside the 
surface is 

i///te+ Og + Hh- Ff- Qg - Hh 

In the case of the propagation of waves of one definite 
period, if there are no electric charges present except' those 
which are oscillating, <f> will be zero and the above expression 
will vanish identically*, so that, in this case, the amount of 
energy inside a closed surface, which does not enclose any 
conductors or electric charges, is constant. If in the same case 
there are present electric charges in addition to the oscillating 
ones, the time rate of increase of the energy inside is 



-/// 



fj*ti^t']"y^' 



whence the total change for a complete period is zero. When 
there are present waves of different periods, the total change 
for a time, which is a multiple of all the periods, vanishes, and 
in every case the energy travels with the waves. 

48. When there are electric charges inside the surface, to 
obtain the time rate of change of the energy inside the surface, 
the rate of change due to the motions of the moving charges 
must be added. Remembering that the components of the 
mechanical force acting on the unit of volume are 

(Z + 7? - /Sr-) p, (F+ar-7p)/3, (^ + ySp - a?) /o, 

where p is the density per unit volume of electric charge, 
p, g, r are the components of the velocity of the charge, and 
a, )8, 7 are the components of the magnetic force at the point, 

* See Appendix G. 
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the time rate of increase of the amount of electric energy inside 
the surface is 

^ • i///{^'«^+ Ov-^-Ew-h X/+ Yg + Zh] dxdydz 

+///{(Z 4- 7? - ^r) pp + ( Fi- ar - 7J0) pq 

+ {Z-\- I3p — aq) pr] dxdydz, 

where u, v, w are the components of the total current. This 
expression is equivalent to 

^ . \mFu +Qv^-Hw] dxdydz + ///{Z (/+ pp) + Y{g + pq) 

-f ZQi H- pr)] dxdydz^ 
that is, to 

J . ifJJ{Fu + ffv + iTi/;} dxdydz + Iff {Xu + Ft; + Zm;} dxdydz. 

Writing for the current strengths their equivalents in terms 
of the magnetic force, the above expression becomes 

\nrJJJ \dy ozJ \dz ox/ \dx dy, 



Sirdt 

+ 



dxdydz 



dyj_ 



that is, integrating by parts 

s- ilf[F(^-n8) + 0(na- Iy) + H(ll3- ma)] dS' 

OTT CLt 

+ JL//[X(m7-n/3)+ T(na-ly) + Z(lfi-ma)]dS' 



dxdydz, 






dxdydz 



■*■ 87rd< j j j L" Uy a^ / ^ \a^ aa; j 

Now the volume integral in the above expression is equi- 
valent to 



^j^ffKcL' + ^ + 'f) dxdydz 



-m- 



dt'^ ^ dt ^ dt 



] dxdydz, 
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which vanishes. Hence the rate, at which energy is transferred 
across the surface into the space inside it, is 

^j^iSl^i^y - ^^) + O(m^ly) + H(l0-ma)] dS' 

+ ^//[^ (my - nl3) + Y(na ^Iy)+Z(ll3- ma)] dS\ 

where /, m, n are the direction cosines of the normal to the 
surface at the point drawn outwards. If e is the angle, which 
the normal to the surface makes with the direction which is 
perpendicular to the directions of the magnetic and electric 
forces, the angle between these two directions being 0, and 61 is 
the angle, which the normal to the surface makes with the 
direction which is perpendicular to the directions of the 
magnetic force and the electrokinetic momentum, the angle 
between these two directions being d^, the amount of energy, 
which in time dt crosses the element of area dS' of the surface 
at the point, is 

-r- -J- MH sin 01 cos €1+ ^r- ^fi'sin ^ cos e dt dS', 

where M is the resultant electrokinetic momentum, H is the 
resultant magnetic force, and E is the resultant electric 
force. 

The first term in the above, when summed for a complete 
period, when there are oscillations of only one type, or for a 
time, which is an integral multiple of all the periods belonging 
to the waves which in any case are present, vanishes, and there 
will remain the time integral of the second term, which is 
Poynting's expression for the rate of transfer of the energy ; so 
that, for a time after which the state of affairs inside the 
surface is the same as at the beginning, the expression for the 
amount of energy, which crosses the surface, will be the same, 
whether Poynting^s expression for the rate of transfer or the 
above be taken ; in any other case they will be different. 

49. A case of great practical importance is that of a simple 
Hertzian oscillator, which will now be discussed. Taking the 
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axis of ^ in the direction of the axis of the oscillator, the 
components of the electric force can be written in the form 



X = -A 



d'S „ . d'S 



• ^^"^d^z' '^^"^(o'^+a^)^' 



dxdz* dydz* Kdoc^ dy^ 

where 



„ _ sin /e (r — Vt) 
r ' 

r is the distance of the point a?, y, z from the centre of the 
oscillator, 27r//e is the wave length of the oscillations, V is the 
velocity of radiation in the surrounding medium, and -4 is a 
constant which can be determined as follows. In the immediate 
neighbourhood of the oscillator r is a very small quantity, 
and can be taken so small that it is negligible in comparison 
with the wave length; the components of the electric force 
very close to the oscillator are therefore 

3* 1 9* 1 

X = A^^r-- siaxVi, Y = A ;r-^r- - sin xVt, 
oxdz r oyozr 

the last of which is equivalent to 

9' 1 
Z= A ?— .-sin/cFift, 
os^ r 

whence, close up to the oscillator, the components of the 
electric force are derivable from a potential 

—-4^ .-.sin KVt, 
oz r 

and therefore 

A = ELV\ 

where E is an electric charge and Z is a length, everything 
"^J'^ing supposed expressed in electromagnetic units. The com- 
pont ^^ts of the electrokinetic momentum are given by 

^ "li^oTe'dxdz' KVdydz' «fW sW 



^f^ffB«aHaaaH^m99"VPP^"*<***"""""""i""i*i 



74 RADIATION [VIII 

, ^ COS a: (r — Vt) 

where G = ^^ ; 

r 

and hence, using the relations 

dy dz ' dz dx ' dx dy ' 



da^ ■*■ dy^ ■*■ aW 



that is, 



or 



it follows that 

KVdy 

7= 0, 

AkBG - AKdG 

The rate at which energy flows into any closed space across its 
bounding surface 8' is 

^ Jt II[F(rrvY -n^) + G (na -ly) + H (W - ma)] dS' 

+ T-IJ[X(my-n^)+7{m-ly) + Z(l^-7na)]dS', 

rtTT 

which in this case is 

^JJ[F(my - n$) - P{7rvy - n/S) 4- © (nd - ^y) - (5^ {na - ^7) 

+ ir(i/3-rw«)-JT(Z/3-wia)]dS'. 

Now, there being only one period of oscillation, and no free 
non-oscillating charge present, it follows by § 47, that the 
above expression is the same for all surfaces, which enclose the 
oscillator. Taking as the surface any sphere of radius r with 
its centre at the oscillator, the direction of the normal at ^any 
point is given by 

J X y z . ^ 

f* tp M» ' •*** 
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r,r . ,.x A, ,, A^icVzd'GdS zcpsdcn 

TT/io -x i^no \ A^KVfd' . ^\^fxdSvdS\ 



Hence the rate at which energy flows into the space inside the 
sphere is 

r^ dxdz ■*" r» dydz "^ r» V9^ "^ ay»/ J dr 
_{z_xd^S zyd'8 .t±^(^l.l\ ^P£1^9 



SttF. 



which is equivalent to 
SttF/J IV r* 






+ 









that is, to 



A^K rrV af' + y^ d'GdS ar-¥y^ d'8d01 ,^ 
SirVj] I r" dr^dr r^ dr^ drj ' 



or to 
A 



SttV 



'm-^^T'^>)i''-i') . 



which is 



_(.^S.^Cr+|s)(,S+lo) 



^^S. 



-4V 
SttF 



//^ 



d/S 



or 



3F' 



Therefore the energy is radiated out from the oscillator at a 



•V 



76 RADIATION [VIII 

steady rate of amount i. v^ , that is of amount ^r-^ in 

electromagnetic units, where X is the wave length of the 
oscillations, and E is the maximum charge at an end of the 
oscillator. The rate of radiation in electrostatic units is 

where EL is the maximum electric moment of the oscillator in 
electrostatic units. The amount radiated out in a half period 

is - ^— — in electrostatic units, which is the result given by 

Hertz*. 

50. The rate of decay of the oscillations, sent out by an 

oscillator, can be obtained very approximately from the above 

result. Taking the case of Hertz' oscillator, which consists of 

two equal conducting spheres of radius R, the distance between 

their centres being Z, the amount of electric energy in the 

oscillator is E^/Rf, approximately, where E is the maximum 

charge on either sphere, and when the supply of energy is 

stopped this amount remains to be radiated outwards. The 

IGiT^E^l^V 
rate of radiation of energy is —- per unit time, where X 

is the wave length of the oscillations, and therefore 

dt "" 3X* 

approximately, when the supply of energy has been stopped, 
the rate having been calculated on the assumption that the 
amount of energy necessary to maintain a steady radiation is 
being supplied. Therefore 

dW 167r*PiJF^ 

Wy 





dt ~ 3V 


that is 


Tr=e-«Tr., 


where 


A!=:167r*PEF/3V, 



* Electric Waves, English Trans, p. 150. 
t Hertz, Electric Waves, loc. cit. 
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and the time which elapses, before the amplitude of the 
oscillations falls to 1/e of its initial value, is 2/A?, that is 

For similar oscillators, it follows that the time which 

elapses is the same number of oscillations, so that, for 

oscillators giving oscillations of short wave length, the decay 

is more rapid than for similar oscillators giving oscillations of 

greater wave length, a result observed by Hertz. The oscillator, 

used by Hertz in most of his experiments, was approximately 

in tune with a resonator whose fundamental wave length was 

560 cm. ; the wave length of the oscillations, sent out by the 

oscillator, was somewhat shorter, as in order to make the resonator 

have the same wave length small pieces of metal had to be 

soldered to the ends of the resonator, the effect of which, as will 

appear later, is to diminish the wave length of the resonator. 

The radius of either sphere of the oscillator was 15 cm., and the 

distance apart of their centres 100 cm., so that the time which 

elapses before the amplitude of the oscillations falls to 1/e of its 

6 X 560' \ 

initial value is somewhat less than ,-7—^ — r-zr^ — :— 7^, which 

167r* X 100^ X lo V 

is 4*4 r, where T is the time of a complete oscillation. The 

result obtained by Bjerknes* experimentally for a somewhat 

similar oscillator is 3*8 7. 

61. For some purposes it is important to know the density 
of electric 'energy at any point due to an oscillator. The 
density per unit volume of the energy is 

which, on substituting the values of F, O, H etc. given above 
§ 49, becomes 



2 



SttF 



V {a^-¥y^)z^ fd IdCV /23C a^-f y« a IdCy 
^ L ^ W ^ 3^/ \rdr r dr' rdrj 



r" \dr r drj \r dr r dr' r dr) J ' 

* Annalen der Physik und Chemie, Bd. 44, 1S91. 
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SttV [V*^ ^ i' / \\r dr^ 7^ drj \rdr^ r» drj 



4 30/13^0 13 



— 



r^ dr \rdr^ 



r^ dr) r* dr [r dr" r^ dr)) 



r^ \drj r^\drj J 



or 






f 



'W 1 dG\^ fd^S 



,9r^ r9r/ 



.ar^ 



+ 



r8r/ r*V3^/ r*\9ry 



which is 



4/a( 



+ 



4 /dSy] 



A' 



SttF^ 



V + y^ 



r* 9r / \rdr 






+ 



'1 9^y 4 /'3^y" 

^r^dr) r^\dr) 



now 



dr dr r*' 



dr 



) \dr) ~ r'^r^' 



hence the density per unit volume at the point w, y, z is 



SttF 
which is equivalent to 



A^ V af' + y^ ifc' 5k^ 3) 



4/k:= 



-1 



At a distance r from the origin, great compared with the 

1 XT. XI. J •. • ^'^Vsin^^ . , , 27r*E^t'sm^e 
wave length, the density is ^ — - — , that is -— , 

OTTT* r^ 

and for any number of the same oscillators, orientated indif- 
ferently, placed at the origin, the density at a distance r will 

be B — — , where B is some number. 



B^S^BBS 
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52. If there are in a space a number of ions describing 

orbits*, the wave lengths belonging to them being all the same, 

and the space be supposed to be contracted in such a way, that 

all lengths are diminished in the same ratio, the orbits in the 

contracted space will have their linear dimensions diminished 

in this ratio, and the wave lengths will also be diminished in 

the same ratio. Hence, denoting the density of the energy at 

any point in the original space by C/X*, the density in the new 

space at the corresponding point will be C/X'^ where X' is the 

wave length appropriate to the new space. Now unit volume 

in the original space becomes a volume V/^* ^^ *^® ^®w space, 

therefore the amount of work, per unit volume of the original 

space, which has to be done, to pass from the original state to 

the new state, is C/\'X'— O/X*, and therefore, if T and T are 

the temperatures corresponding to the original and new states 

respectively, 

r^T ^f G C\/C 

whence \T is constant, and the density of the energy is 
proportional to T*, which results have been previously ob- 
tained f. Further, if energy is being radiated away from the 
distribution of ions, the rate of this radiation is (§ 49) pro- 
portional to X""* and therefore to T*. 

63. The condition that a group of ions should be perma- 
nent, that is that no energy is radiated away from the group, 
can be obtained as follows. The components of the magnetic 
force due to the revolving ions are given byj 

dydt r dzdt r ' 

dzdt r dxdt r ' 

doodt r dydt r * 

* An ion describing an orbit can be replaced by a number of oscillators 
(Appendix G). 

+ Wien, Berlin. Sitzungaherichte^ 1893; Larmor, Aether and Matter ^ p. 137, 
1900. 

X Appendix C. 
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where f, 17, f are the displacements of an ion at the time 
t—j^y these displacements being supposed small, and the sum- 
mation being extended to all the ions of the group. Now the 
condition, that there should be no radiation of energy away 
from the group, is that the integral 

^j^!I{F(my-n^)+0(na-ly) + Hilfi-7na)}dS 

+ .— // {X (my -n^)+Y (no. -ly) + Z(lff- ma)} dS, 
47r 

taken over the surface of a sphere at a great distance from the 
group, should vanish ; the condition will be satisfied if the 
terms in a, )8, 7, d, /8, 7, involving the inverse power of the 
distance, vanish, and this requires 

where f, fj, 5 are the maximum displacements of an ion in the 
directions of the axes of reference. 

54. The force, which one permanent group exerts on 
another, can be obtained from the preceding results. Taking 
first the case where there is no free electricity, the condition 
2e = will be satisfied for each group in addition to the 
conditions given above. The conditions 2ef = 2e^ = 2ef = 
being satisfied, the lowest power of 1/r, which can occur in the 
components of the magnetic force due to a permanent group at 
a distance r from it, is l/r*, and, the condition Xe = being 
also satisfied for the group, the lowest power of 1/r which 
can occur in the components of the electric force due to it is 
1/r^. The components of the force, exerted by this group on 
any other group, are 

where X, F, Zy a, jS, 7 are the components of the electric and 
magnetic forces due to the first group, and the summation 
extends to all the ions of the second group. If the second 
group is permanent and there is no free electricity belonging 
to it, the lowest power of 1/r, which can occur in the above 
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expressions for the components of the force, is 1/r* and the 
order of magnitude of this part of the force is e'Z*/^**, where I is 
the diameter of an orbit, so that only the groups, which are in 
the near neighbourhood of any given group, exert a sensible 
force on it. When there is free electricity belonging to one of 
the two groups, the lowest power of 1/r, which can occur in the 
expressions for the components of the force, is l/r*, and the 
order of magnitude of this part is e^l/r*. When there is free 
electricity belonging to both groups, the lowest power of 1/r, 
which can occur in the expressions for the force between them, is 
1/r*, the order of magnitude of this part is e*/r^ and its direction 
is that of the line joining them. 

It follows from the preceding that, in any material medium 
in which there is no free electricity present, the forces, which 
the groups of ions, which constitute the material medium^ 
exert on each other are only sensible at very small distances. 
When there is free electricity present in the material medium, 
the part of the forces between the groups of ions, which is 
sensible at a finite distance, consists of forces between pairs of 
groups which possess free electricity, the force between any 
pair varying inversely as the square of their distance apart, its 
direction being that of the line joining them, and being re- 
pulsive or attractive according as the free electricity in the two 
groups consists of an excess of ions of the same or opposite 
signs. In diflFerent material media the configurations of the 
groups will be different, and, between any two different material 
media in contact, there will be a transition layer in which 
there are groups belonging to both kinds of matter. The 
absolute values of the forces between groups of different kinds 
will be different from that between groups of the same kind, 
and to this is to be ascribed the phenomena of capillarity and 
other phenomena associated with the contact of different media^ 
So long as the groups are permanent, whether there is free 
electricity present or not, there is no radiation of energy away 
from the system ; this only takes place when the groups are 
being broken up to form new groups, and the intensity of this 
radiation for a definite wave length varies inversely as the 

M. E. w. 6 
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fourth power of the wave length, as has been established 
above. 

66. The results of the previous chapter, as to the perma- 
nence of waves associated with closed circuits, can also be 
established from considerations relative to the radiation of 
energy from the circuits. Taking the case of waves travelling 
along an infinitely extended straight wire, the expressions for 
the components of the electric force at any point are (§ 43) 

X^^cosfc(Vt±2l F=^cos/^(F^±^), Z=0, 

where the axis of z is along the wire, 27r//c is the wave length 
of the waves under consideration, il is a constant and r* = ic* + y'. 
The values of the components of the electrokinetic momentum 
are 

-P=--4^sin/.(F^±^), (y = -4r.^8in/t(F^±^), JT=0, 

fCV T^ kV T^ 

and the components of the magnetic force are 

OL^±y^COBK{Vt±z\ /3= + y^co^K{Vt±z), 7 = 0. 

The rate of radiation of energy, across the surface of a circular 
cylinder having the wire as axis, is 

-k-} JJ[X{my^n^)+Y(na-ly)-{-Z(ll3-ma)]d8, 



47r 



X _y 



where I — -, m = -, n = 0. 

r r 

Now 7 = 0, ir=o, Z=0, 

and also 

mjy — n^ = 0, na - Z7 = 0, wy - n/8 = 0, nd — Z7 = ; 

therefore the above expression for the time rate of radiation of 
energy across the surface vanishes and, as was seen before, the 
waves are permanent. 
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The density of the distribution of the energy of the waves 
at any point is 

per unit volume, which is equivalent to 



SttF^ 



^-sin«/ic(Fit + <2r) + ^±i^'cos»#c(7^±5)1 , 



that is to A^jSirV'^r^y so that it varies inversely as the square of 
the distance of the point from the wire. 

It follows immediately that, for any number of parallel 
wires along which waves are travelling, the rate of radiation 
across any parallel cylindrical surface vanishes. 

66. Taking now the case of waves travelling along any 
circuit, let the tubular surface generated by a sphere of small 
radius p, whose centre moves along the circuit, be considered. 
The electric force at a point on this surface, due to the waves 
in the circuit, consists of a part, which varies as Ijp and whose 
direction is along the normal to the surface, together with a 
part, which involves /o as a factor since it must vanish with p* ; 
the same is true of the electrokinetic momentum. The magnetic 
force consists of a part, varying as I//0, in the plane through the 
point perpendicular to the circuit and tangential to the tubular 
surface, the remaining part not being infinite when p vanishes. 
Through two adjacent points P and Q of the circuit let planes 
perpendicular to PQ be drawn determining a strip on the 
tubular surface. Choosing PQ as axis of Z, the components of 
the electric force, at a point on the strip, are given by 

P P 

the components of the electrokinetic momentum by 

F^^^B + pF,, O^^B + pO,, H^pH,, 
P P 

and the components of the magnetic force by 

P P 

* This follows from the expressions for the electric force, § 44. 

6—2 
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where Xi, Fi, Zi, F^, Oi, Hi, «!, ^i, 71 do not become infinite 
when p vanishes. Then 

F (my - w/S) + (? (na -ly) + H (Z/3 - ma) 

and 

X (m/y - 71/3) -\-Y(na - ly) + Z(ll3- ma) 

hence the rate of radiation of energy across the strip is p^x> 
where x does not become infinite when p vanishes, and there- 
fore, for the whole surface, the rate of radiation of energy across 
it is phjr, where yfr does not become infinite when p vanishes. 
Now (§ 47) the rate of radiation of energy across all surfaces, 
which enclose all the sources of the waves, is the same, and 
therefore in the above yjr vanishes, as otherwise the rate of 
radiation of energy, across the surface, would depend on its 
size; it therefore follows that the rate of radiation of energy 
across the tubular surface vanishes, and the waves are per- 
manent as before. 
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CHAPTER IX. 



OPEN CIRCUITS. 



57. It appears from the investigation of Chapter vii. 
that, to excite the waves of simple character discussed in 
§ 44, some means must be found of enabling closed lines of 
magnetic force to thread the circuit. This can only be effected 
by cutting the circuit, so that these closed lines of magnetic 
force can pass over the open ends. It thus becomes Accessary 
to investigate the effect of an open end on the propagation of 
waves along a circuit, and only those waves, for which the 
function denoted by i in § 44 has a finite value, need be 
discussed, as the others, in the case of a very thin wire, have 
been shewn to be comparatively unimportant and, in the limit, 
they have no existence. The waves, in the case of an open end, 
must be maintained by some external means, and the function 
i, at any point of the wire, is to be determined by the condition 

that ^"Y + ic'i' is proportional to the electric force, tangential 

to the wire, due to the external disturbances, and L vanishes 
at the open end, this being necessary on account of the manner 
in which the expression for the tangential electric force was 
derived in § 44. When the function L has been determined, 
the radiation of the energy of the waves from the open end, 
from which only radiation of energy takes place by the previous 
investigations, can be obtained, so that, conversely, if the nature 
of the radiation from the open end were known, the function L 
could be obtained and the necessary sources ; further, for any 
circuit having a given open end from which radiation is taking 
place in a given manner, the function L will be the same'at the 
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same distance along the circuit from the open end, provided 
that the curvature of the circuit is everywhere continuous. 
The same result will hold for a very thin wire, provided that 
the radius of its cross-section is everywhere small compared 
with the wave length and with the radius of curvature of the 
wire. It is therefore sufficient, when the circumstances of the 
radiation from the open end are known, to investigate the case 
where the circuit is a semi-infinite straight line. To solve the 
problem of radiation from a semi-infinite straight line, it is 
convenient to solve the problem for the case of a right circular 
cone, and decjuce that of the semi-infinite straight line as the 
limit, when the vertical angle of the cone becomes indefinitely 
small. 

58. The space to be considered is that outside the right 
circular cone which is determined by ^ = ^o» where 6 is the 
angle made by a vector drawn from the vertex of the cone 
with a fixed direction, and the space occupied by the cone is 
that for which 6 lies between 6q and tt; then, choosing polar 
coordinates of which 6 is one, and remembering that, in view of 
the preceding, the case required is that in which the lines of 
magnetic force are circles having their centres on the axis 
of the cone, the equations in the notation of § 36 are 

4!7rv = ^—^^ (t^ sin 0), 

4i'rrw = 0, 



dt rldr^ ' dej' 



the medium being assumed to be non-magnetic. Hence, using 
the relations 

(X,Y,Z) = i^V'(f,g,h). 

(u, V, w) = (/, ^, k), 
the magnetic force 7 satisfies the equation 



19(13, . ,J Id 






rdr{Bin0dr^' ') r^dd 



Ll/^o;./.d_ 1?7 



^(TTsind) +-^.-j-^^(yrsind) ==j^. 



sin^a^''' ''1 V*W 
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which, writing cos 6=^ fi and yr sin 5 = '^^ is equivalent to 

Therefore, for oscillations of definite wave length 27r/>c, the 
equation satisfied by -^ is 

at all points at which the relations 

are satisfied, that is at all points at which there are no sources. 
For the case under consideration the sources are distributed 
symmetrically with respect to the axis, and the discontinuities 
of the electric force are therefore symmetrically distributed 
with respect to the axis, but, instead of supposing the sources 
represented by discontinuities of the electric force, it is more 
convenient in this case to suppose them represented by dis- 
continuities of the magnetic force as in § 14. The equation to 
be satisfied by the magnetic force at all points of a circle, whose 
centre is on the axis of the cone, and along which sources of 
this type of equal strength are uniformly distributed, is 

|l + V-^ + *'^ + 2..r.sind = (2), 

where © is a constant. The surface of the cone being taken to 
be perfectly conducting, the condition to be satisfied at its 
surface is that the tangential components of the electric force 
vanish, and this requires that 



when = 00. 



(3), 



69. The solution of equation (2) is given by 

t = 2ii„(l-/*')^, 

where P„ is the zonal harmonic of fi of order n, and where the 
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summation has to be taken so as to include all the functions of 

li, whose inclusion is consistent with the condition that -^ 
vanishes, wheo = 0o. Now 

and therefore the functions Pn, which can occur, are those 
which vanish when /a = ft©, that is, those for which w is a zero 
of Pn (/io), where fjLo = cos Oq. Hence 



^ = 2ii„(l-/i>) 



dfi 



where the summation extends to all the values of n which are 
zeros of Pni/J-o)] these values are all real. The functions Rn 
are then to be determined from the relation 



{ 



d'Rn ,, „ ap„ 1 - "» a. 



dr^ 



8P.) 



which is equivalent to 



+ k'Rn (l-fi^)^^[ + 2a)r sin ^ = 0, 

dfi) 



dr" 



+ {^^- ''^V^^ l ^~1 ^^ -/^')^+ 2ft>rsin^=0...(4). 



Now 






dPn dPn' 



dfi 



and therefore, writing 






dPn- 3" 



dfji dfi' 



(1 - ;.«) ^1^} d^ 



dPn dPn' 






dfi dfi 



dfi 



that is 



-/:i^g-0)*" 



(„.-„)(„-^„^„/V_,,'^.^-,,.L.|_,| 



1 

Mo 
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Hence, writing for y and y' their values and reducing, 
(«'-«)(«' + « + !) j"\l-^')^^d/* 

= (1 -,*,«) [ti (n + 1) ;>„ ^ - n' (n' + 1) P„. ^] , 

where, on the right-hand side, /to is to be written for /t after 
the operations have been performed. From this it follows that, 
if n and n are two positive values of n for which Pn(fh) 
vanishes, it being remembered that only positive values need 
be considered as 



the integral 






vanishes. To obtain the value of this integral when w and n' 

are the same, let 

n' = n + Sn, 

then the relation given above becomes 



(2n + l)8„/\l-^.)^«^-dM 



and therefore 



= -(- + l)(l~^o»)^^f^Sn, 



fn ,.dPndPn_ n(n + l) ,, ,.dPndPn 
}y} ^^^ dfi W" 2nH-l ^^"^^^^ dn dfi ' 

where, on the right-haud side, /x© is to be written for fi after 
the operations have been performed. Multiplying both sides 

dP 

of the equation (4) by -^ dfi and integrating with respect to 
fi from /jlq to ly the equation to determine Rn is 

= 2rl a>am0^d^ (5). 



dfJL 
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It is suflScient to consider the case where the sources are 
distributed uniformly upon the circumference of the circle 
determined by the relations 

01 being less than ffo', any other case can be obtained from this 
by a process of summation. In this case the solution of equa- 
tion (5) will have different forms according as r is greater or less 
than Vi. It being remembered that the right-hand side of (5) 
vanishes unless r = ri, the solution when r is less than r^ is 
given in terms of Bessel's functions by 

as Mn cannot be infinite at the vertex of the cone, that is when 
r = ; also when r is greater than Vi the solution is given by 

as at an infinite distance Rn cannot involve a term in which 
&^ occurs, there being no reflexion there. Now, when these 
expressions are substituted in the expression for yfr, two series 
are obtained for yjr, one of which is applicable when r is less 
than ri, and the other when r is greater than ri, these series 
converging for all values of r and which occur, except when 
r = ri and 0=0i simultaneously. Therefore, when r=ri, the 
two series must be identical; whence 

and the solution of (5) may be written 

Rn = Gnr^ Jn^ (kt) {J^^ (kV,) - e<^+*)- Jn+^ (fCT,)], 

when r<ri (6), 

Rn = Cnf^ JnH (^0 [J-n-^ («^) - ^^'^^^ ^r^ (^)i 

when r>ri (6^. 

60. It now remains to determine G^, The direct deter- 
mination of (7„, though possible, involves somewhat complicated 
analysis, which can be evaded by the observation that C^ is 
independent of the wave length, that is of k. To establish this, 
it is sufficient to prove it for a particular case, which can be 
chosen to be that in which there is no cone and only the circle 
of sources radiating freely into space. In this case the values 



VF^^^rapT^sgr'^BBaBFT^ammmammaem^p^^gmmmm^'^f^^^^^^^mvmKtBmmsaB^ffssgBaBimtmimimmm 



IX] OPEN CIRCUITS 91 

of n which occur are all the positive integers. It can be easily 
shewn that equation (2) is equivalent to the equation 

(y^ + K')tmf + 2a>6m6 = (2'), 

where (f> is the third polar coordinate, viz. the longitude. The 
solution of equation (2') in the particular case, where there is 
no cone, is given by 

-dr sin 6 1 Cfre-'"^ « . ^ . , ,,, 7 . , 
rsm^ ^ 27rjjj ~W ^^ ^^ ' ^^ <l>ide,d<f>idr^, 

where the integration is taken so as to include all places 
where g> has a value different from zero, and 

jRa = 7^ 4. 7-j2 — 2rri {cos cos 0i H- sin sin 0i cos (^ — <f>i)}. 

Now, writing 

cos 7 = cos cos 01 + sin sin 0^ cos (^ — <f>i), 

the integrand is expressed as a series involving spherical 
harmonics by means of the relations* 



«r( 



0-tKR 2e^ 00 w[^ 

-^ = ^jr^^ 2 e 2 (n + i) K^^i (i/cr^) J„+i (kv) P„ (cos 7), 

when r<ri and 

iri 

^B~ = j^\ 2 e * (n + i) K^+^ (t/cr) J^^ (xr^) P^ (cos 7), 
when r > ri ; whence 

iri 

-5^U — ? = — \\\ ©r,' sin 0^ sin 61 d0^d<LdrY -77 — r 2 e ^ (^ + i) 

. K^^ {lkt^ J^^ {/cr) Pn (cos 7), 
when r < rj, and for a circle of sources, writing 

q = coTi^ sin 0id0idri, 



irt 



-f 8m</)= ^^^ 2e^ (n + i)ir„+^(t/crO 

.J^44(«r)l P„ (cos 7) sin 01^01. 

^ 

* Heine, Handbuch der Kugelfunctioneftt i. p. 846 ; Maodonald, Proc. Lond» 
Math, 8oe, Vol. xxxii. 1900. 
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Therefore, since 

I P- (cos 7) sin (bidAi = -> z-r sin sin 0j -^ -^-^ sin 6, 

it follows that 

^^^^qr^rr^e^te^ ,.,, sin' g sing, ^|^ 

. J^^ (fcr) K^^ (cKr^), 
when r<ri (7), 

and 

• i_iT?V2rn-l ../i. >j 3Pn9P« 

-4r=(7r*ri-*e* 2 6 2 —7 r-. sm' gsm g, ^t^— 

^ ^ n(w + l) dfi dfJLi 

. Jn+^ (ifTi) Z,H4 (^'^^)» 

when r>ri (7'). 

Remembering that 

mm 



we 2 



^"^ ^"^^ " 2 sin mTT {'^-»«(^^)-"^"^' «^- (^^)}' 

and comparing with the solutions obtained by substituting the 
expressions (6) and (60 for Rn in 

t = Si?„(i-/*')^", 

it follows that C^ is independent of «, that is of the wave 
length. 



[d'R^ n(n + l) 1 n(n + l) ,., _^_„ 



61. When « is zero, the equation (5) becomes 

dPndP^ 
dn dfi^ 

= 2r I 6> sin g -Tr^dii, 

which, putting 

and writing 

2n + i ^^ ^^"a^Ta/L;;;-^' 

becomes 
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that is, making the substitution 

M 

It is convenient to solve this equation for the range of f 
from zero to fo ai^d then to proceed to the limit; the conditions, 
corresponding to those to be satisfied in the limiting case, are 

X„ = 0, when f = and when f = fo> 
hence it may be assumed that 

* Tmr'P 

Zn = 24m8in-^, 

1 Co 

where m is an integer. Substituting in the equation for Z„, it 
becomes 

and therefore 

, Co ; -^'Co'/ 50 -' fio ^/^ 

For a single circle of sources, writing 

q = ©a'e"*^* sin O^dOid^i, 

the circle being defined by 



this becomes 
A. 



mirPi 
sin * 



and therefore 

Co 
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Efifecting the summation, L^ is given by 



co8h(n + ^)(go-f+^x)-cosh(n + i)(fo-f-|i) ^ 

sinh (w + i) fo 
when f > f 1 and by 

It 

- 2ga--*62 . ^ 3Pn 

L^ = — t;^^^ — , V Tir sin c/i 7^ — 
** (2n + l)j^ '9Ati 

cosh(n + ^)(^o-f, + g)-cosh(n + ^)(^o-g~gO 

sinh {n + i) f o ' 

when f < fi. Making fo infinite, the expression for L^ 
becomes 






25'a~*e 



3-Pn f_i 



* (2n+ l)iV^ 9/^ ^ 

when f > fi, and 






^ 25'a"»e 



9P. 



^** (2n + l)iV^ '9/ii^^ ^ *' 

when f < fi, that is 



^"""(2n + l)iV 






sin 01 



dPn 



when r<ri, and 
L. = - 



2qr{ 






/I 9-Pn 

Sin 6i -5—^ , 



'^"^ {2n + l)N{\rJ WJ J "*""'' 9/iia 

when r>ri. In the case required, the range of r is from 
to 00 , and this case is obtained from the above by making a 
infinite; hence 



i. = - 



'^^"!..f^rsing.^-. 



{2n + l)N\rJ ""*"'9/ii 
when r<ri, and 
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when r>ri. Now, when /c = 0, equation (6) becomes 



when r<ri, that is, since 

^ _ sin (w + ^) TT /'r\»+* 
when r<ri, and similarly from equation (6') 

whenr>ri; therefore 

Vf^ — "iTt:^ • —; 7 ' rr Bill Ui ~ , 

N sm (w + i) TT ^3/11 

62. The solution, for a circle of sources emitting waves of 
wave length 27r/«, the circle being defined hj r = ri, = 0i and 
being situated in the space external to the cone defined by 
O—dfiy is therefore given by 

^ «? 2 Q* J„+i (*r) 1 J_«_j (*rO - e'»+i"" J„+j (^r,)} 

.j^^-^— ^sin 0,^(1 -^»)^, 

when r<ri (8), 

and by 

t = - 5 2 (^)* J-„+i (/^O { J-^-i (^) - 6<-+*)- J,^ (Kr)\ 

•i\rsin(n + J)7r''^^^a/^^^ ^^3,.' 

when r>ri (8'), 

where the time-fector is included in y, iV is written for 

«(n + l) ..dP^^Pn 

. 2» + l ^ '^'' dn diH ' 

and the summation is extended to all the positive values of n 
which make Pn(jh) vanish. 
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In the particular case where ^o= o"* which is the case of a 

circle of sources in the space bounded by an infinite conducting 
plane, the values of n which occur are all the positive odd 

integers, the value of -^-^ is —1 and, remembering equations 

(7) and (7') above, the expression for ^ is seen to be the sum of 
the ylr due to the circle of sources and the '^ due to the image 
of this circle of sources with respect to the plane, a result which 
is otherwise immediately obvious. 

63. The case of an indefinitely thin semi-infinite straight 
wire can be obtained from the above by taking tt — € as the 
value of 0Q, where € is very small. The values of n which 
occur are then given by 

n = A; -h Wo 

2 
where 2no log - = 1, 

and k may be any positive integer or zero. Further, since 

2 
-Pn (- m) = cos nir Pn (fi) - - sin wtt Qn (/l)y 

TT 

it follows that 

r^^ — — = COS mr — ~^-^ sm rnr -^^^^-^ ; 

Ofl Ofl TT OfJL 

that is, writing fio = — fio> 
Again* 

en(/.) = iPn(/.)log^+|n'(0)-^>|p,0.) 



7n(n)n(-rj.-i)n(r)n(r)\, 2 y^*"' 



r \ 

where J.^ = 2 — , 

1 ^ 

* Macdonald, Proc, Lond, Math. Soc, Vol. xxxi. 1899. 
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hence, omitting terms of the first order of small quantities, 
and, observing that (1 — Mo^V^o ultimately vanishes, 

- Mo ) -5— = - Sm MTT, 

the most significant term only being retained. 

From the relation between Pnif^) ^tnd the harmonics of 
— /My it follows that 

[yj = - tt sin riTT P„ (jiq) - 2 cos nir Qn {ih') 



M'=i^» 



4- cos mr — r-^ — sm nir — ;r^^ — -, 

an IT on 



that is, since P„ (fio) = 0, 

'dPn\ IT 



(dFn\ 

\ dn Jf,^^^ si 



smwTr 



-Pn (a^o') + COS nir 



3Pn(/XoO 

dn 



2 „•„ „„ 8<3n 0^0 

Sin mr — ^ — j — , 

TT dflo 



which, all but the most important part being rejected, becomes 



dPn \ TT 

sin riTT 



M-Mo 



The value of N, omitting small terms, therefore is 

2k (k -h 1) 
2k-¥l ' 

if n has any of its values other than Woi and it is— 2w^, if 
n is no. 

When fjL differs from /Iq by a finite quantity and n has any 
of its values except Wq 

neglecting small quantities, and when n=n, 
dP. 



^P^ _ A ? n (n, + s) cos sir / I - fj, \' 
dir~dtioU{no-8)U{s)U(8)[ 2 )' 



M* £• W. 
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that is 

9/* ~ 2 7 V 2 ^ ' 

neglecting small quantities of the second order, hence, to this 
order, 

dfi 1 H- /A ' 

For the case of an indefinitely thin wire, the sources of the 
waves not being very close to the wire, that is 0i not being 
nearly equal to 0q, substituting the above values in the 
equations (8) and (80, ^ is given by 

sm Ui ^— (1 — fi^) 



•sin(Jfc + i)7r*2A(A + l) '3/^1^ "^ ' dfi ' 

when r < ri (9), 

and by 

^ = g i (JJ* J^^ (^0 { J>*_j (/cr) - e(*+*) - J*+j («r)} 

when r>ri (9'), 

where fi is not nearly equal to /i©. It thus appears, comparing 
this with equations (7) and (7'), that the eflfect of the indefinitely 
thin wire at points, whose distance from the free end of the 
wire is not very great compared with ri, and for which fi is not 
nearly equal to fio, is negligible in comparison with the eflfect 
of the source. At a point, whose distance from the free end is 
great compared with Vi and for which fi is not nearly equal to 
fiQ, the expression in (9') has to have the term n^e~''-'^^f{fi) 
added to it, which represents the eflfect of the free end. 

64. In the immediate neighbourhood of the wire fi diflfers 
but slightly from /a© and then 

, . dPn 2 sin nir 
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that is 

(l-/A2)y2* = 2noCosA;7r, 

and the first term of the series in (8) and (8') is no longer 
negligible in comparison with the others. The value of the first 
term in (8) now is 



^\r) '^^ ^'^^ ^*^"* ^'^^'^ - « ^ «^i («^i)} 



TT «o' 



that is 

^9^0 ' _,,^ sin^i 
- — sin Kve ^^ -^ , 

and (8) becomes 

when r < ri, with a similar expression for -^ when r > r^, giving 
the value of -^ along the wire. This series is capable of 
summation; writing 

ip = r»4- ri> + 2rriCOs ^i, 
the expansion theorem for p becomes*, remembering that 

P* (- cos e,) = (-)* P, (cos ^0, 

. Pfc (cos ^i), 
when r<r^j whence 

~R~ "" ^5^1 i *^* ('^) {•^-* ('^i) " ^^ •^J ('^^^)J 

• p. 91. 

7—2 
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Therefore, writing 



. sin 01 



it follows that 

— s- = sin /cr'--r-j;r— (y Bin 0i); 

now -ti- — = rri, 

hence 

j,dR e-"^^ . X X a / . zjv 

and therefore 

_ g-iJtiJ _ c? g-ticn gijj ^^ _ ^hr^ y sin ^i + C, 

where (7 is independent of dj. Substituting for 6^ the value 
zero, it follows that, since x is not infinite when ^^ vanishes, 



that is 



and therefore 



(7 = - 6-"'^<^+''»> - - e-'«''i sin KT, 

K K 



C =- er*^^^ COS /cr ' 

K 



r^n^ X ^^ ^1 = ~ e~****i (/ti sin #cr 4- a cos /cr) g-«s 

The value of ^jr along the wire, when r < ri, is given by 

2awo ^ . sin ^i _ /r\* 

that is, substituting for ;^ its value found above, 



le-""^ 



t 2ano f ^ . sin ^i e""*'**' , . . 

Y = -^ — •{e^'**^^ sin /cr:r— 1- — ^ (iti sin A:r + ^ cos i^) — . ^ , , 

fcri [ l+fii sm^i '^ ^ sin^ij 

whence 

^ KTi Sin ^1 ^ ^ 



aBQBBBiBaBHP 



IX] OPEN CIRCUITS 101 

The same value of yfr is found when r>ri, and therefore all 
along the wire 

^ 2qnoi .^ (^^^j _ g-llt^/(r•+nH2moo8«,)l ^ /lO). 
^ /eri sin ^1 ^ ) \ / 

This result can be simply interpreted ; the term 



2qnoi 
KTi sin 01 



^utV(r*+ ri*4-2rn 008 •,) 



represents the '^^ at the point of the wire at a distance r from 
its end due to the source, and the term 

KTi sin 01 

represents the eflFect of the free end of the wire. It ought 
to be observed that the electric force perpendicular to the 
wire, being given by 

F« 1 8ifr 
lie * r sin ^ dr ' 

is large compared with '^ and, since x log x tends to zero with 
X, large compared with the electric force in the incident waves. 

66. Taking now the case where the sources are close to 
the wire, that is where 0i is nearly equal to tt, the first term of 
the expressions for yjr in equations (8) and (8') is of the same 
order as the others and is given by 

— ^, — jr^ e"^i sin /cr { 1 — a), 
KVi sm 01 ^ 

when r<r,. The remaining part of the series is 

S ! iff "^'^ ^'^> f*^-^ (^^> " ''"^'"^ -^^ ^'^^^J 

•2A;(A;+1)-^^ ^^ 3/1 ' 
when r < rj, which as in § 64 is equivalent to 

— -^^- {«"'*'•» (u sin ^r + t cos iw) — /6"""^t, 
where i? = r* + rj' + 2rri cos ^ ; 
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and therefore, in this case, ylr, for all values of fi, is given by 

^ KVi sm 01 ^ 
when r <ri, and likewise when r >ri, that is 

^ ^ri sin 01 ^ ' 

The first term of this expression represents the effect of the 
free end and the second the effect of the source, the two parts 
being now of the same order at all points. 

66. The preceding analysis can be easily modified so as to 
apply to the case where there is a sphere at the end of the 
wire, the wire passing through the centre of the sphere. The 
radius of the sphere being r©, the condition to be satisfied by y^ 
at the surface of the sphere is 

dr * 

when v^r^. Hence the equation, which corresponds to (8), 

is now 

3 



^=-,x(0 



Jn^ (/cr) - iTn+j (t'fcr) 



dn 



{n* Jn+i (/^n)} 



{ro^iTn+i (I'fcu)] 



dvc 



when r <r'i, with a similar expression when r>ri. When Vq 
is small compared with the wave length 

is of the order (Aro)^"^^ when n has any of its values which is 
not Wo, and of the order — (xvoy^^ when n has the value n©, so 

Wo 
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that, when Vq is sufficieDtly small, the terms due to the presence 
of the sphere are negligible in comparison with the others, and 
therefore the effect of a small sphere at the end of the wire is 
negligible. The terms, which are due to the presence of the 
sphere, represent reflexion of the waves by the sphere, and, in 
practice, the conditions to be satisfied, in order that this should 
be negligible, will be that the radius of the sphere should be 
small compared with the wave length and not too great 
compared with the radius of the cross section of the wire. 

67. The results of §§ 64, 65 can be obtained by a much 
simpler process, although the more direct analysis given above 
is preferable in the general case and necessary in the case of 
the investigation of § 66. It has been shewn that the waves 
associated with a closed circuit are permanent, and that there- 
fore, in the case of an open circuit, radiation takes place firom 
the free end only. The value, at any point on the straight 
wire, of yfr is therefore made up of two parts, one due to the 
source and the other to the free end, and these two together 
must be such that y^ vanishes at the free end.* Taking the 
wire as axis of z, the value of i/r at any point, if there were no 
wire, is given, § 60, by 

'i|rsin<^ = |^j -g-sin <^id<^. 



where p is the distance of the point from the wire, the circle of 
sources is chosen to be in the plane z = 0, and 

ip = ^» + ^» + ^,a - 2pp^ cos (<!> - ^), 

where pi is the radius of the circle of sources. This is equi- 
valent to 

where 

Jfja = ^« + ^« -H Pj« - 2/9^1 cos X' 

When there is a wire, the value %i '^ along it is found 
by taking p in the above expression to be a small quantity. 
Writing 
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it follows that 
and 



ii.(l-f.cosx)' 



that is 

and therefore the value of y^y in the absence of the wire, is 

Hence, if Zi denote the electric force along the wire due to the 
sources, 

now, § 44, 

where p, is the radius of the wire and, § 13, 

yft' being the value of yjr along the wire due to the source and 
the wire ; therefore 






dz^ ^ log p, 

the complete integral of which is given by 

Kpi log po 

When the wire is indefinitely extended and there are no 
waves along it other than those due to the sources^ the value of 
•^' is given by 

^ " /c/oi log Pq ' 
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When the wire is termiDated in one direction, taking the 
end as origin and measuring along the wire, the value of yjr', at 
a point at a distance r from the end, will be 



yfr' = Ae-'^'' - 



iqe 



—ucRx 



m log po ' 

where, as above, Ri is the distance of the point on the wire 
from any point on the circle of sources. The condition, that yjr' 
should vanish at the free end, requires that 

4^ *?^""'"'' 
'^Pi log po ' 

where Vi is the distance of the free end from any point on the 
circle of sources, and therefore 



yjr'^ 



iq 



Kpi log Po 



{^' 



iK(r+r,)_ p-itRi 



}. 



which is the same result as that obtained § 64. The value of 
yjt^ being known along the wire, the electric fojrce at any point 
due to the wire can be obtained by the results of § 44, and the 
total electric force at any point would then be obtained by 
adding to this the electric force due to the sources. The eflfect 
of any disturbance, symmetrical with respect to the wire, can 
be immediately deduced from the above. Let q, which expresses 
the disturbance on the circle defined by ri, pi, be /(O. some 
ftmction of the time, which is known when the disturbance 
is given, then the value of yjr' along the wire, due to this 
disturbance at time t is 



Vpi log pi 



,/'{/('-^)-/('-^-))* 



CHAPTER X. 



STATIONARY WAVES IN OPEN CIRCUITS. 

68. In the preceding chapter the waves produced in an 
open circuit by a given distribution of sources were considered, 
the case which arises in practice is that in which stationary 
waves are being maintained in such a circuit or, having been 
set up in it, are radiating away from free ends ; the circumstances 
of this case will be considered in this chapter. 

When the nature of the radiation from a fnee end is known, 
the value of yfr along the circuit can be obtained from the results 
of the previous chapter, and hence the position of the nodes and 
the loops all along the circuit. It has been shewn, § 64, that 
the value of '^ at a point on a straight wire, due to a circle of 
sources at r = ri, 0=0i, is given by 

^ KVi sin 01 ^ '' 

When the circle of sources is at an indefinitely great 

distance from the free end of the wire, that is, when the 

incident waves are symmetrical with respect to the wire, and 

make an angle ir — 0i with it, the above expression takes the 

form 

Al 

^ sm 01^ 

If, through the free end of the wire, a plane be drawn 
perpendicular to the wire, and this plane be supposed to be 
perfectly conducting, the value of yfr along the wire is now 
obtained by adding, to the above expression, the corresponding 
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one due to the image of the circle of sources in the plane, and 
is therefore given by 

y^ = -: — 3- {cos fcr — cos (fcr cos ^1)}. 

^ sin 0j ^ ^ ^^ 

This result also follows from the expressions (8) and (S'), 
§ 62, it being remembered that, when fi is approximately zero, 
Pn(f^) vanishes for the values of n which are given by 

n = no + 2A; + 1, 

where k is an integer, and, the wire being very thin, Uq is very 
small. 

If, on the system of waves diverging from the circle of 
sources, there be superposed a system of waves, of the same 
period and amplitude, converging to the circle, there results 
a system of stationary waves, and in this case the value of y^ 
along the wire is given by 

A 
yjr = -n — ^ {sin /cr — sin (/cr cos ft)]. 
^ sm ^1 ^ ^^ 

From this it follows that, in the case of stationary waves 
along the straight wire, the part of yfr, which corresponds to 
radiation from the free end in the direction making an angle 
TT — 01 with the wire, is given by 

A 
ylr = - — — {sin k7' — sin (kv cos ^i)|, 
^ sm 01^ ^ ^ 

the system of sources, necessary to maintain the waves along 
the wire stationary, being taken into account. It appears from 
§ 57 that, at the same distance from a free end, measured along 
the circuit, L, in the case of stationary waves in the circuit, 
is the same for any circuit, whose curvature is everywhere 
continuous, as for a straight circuit, if the circumstances of the 
radiation from the free end are the same in the two cases. 
Hence, in the case of any open circuit, the part of i, at any 
point on the circuit, which corresponds to radiation from the 
free end in a direction making an angle ir-~0i with the tangent 
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to the circuit at the free end, this tangent being drawn in the 
direction of the circuit, is given by 

L = -: — jr (sin K8 — sin (ks cos ^i)1, 
sin^i ^ ^ ^' 

where s is the distance of the point from the free end measured 
along the circuit, and B includes the time factor. Considering 
the surface, which is formed by supposing a small sphere to 
move with its centre on the circuit and to come to rest when 
the centre has reached the free end, there is no radiation across 
the tubular part of the surface, all the radiation takes place 
across the surface of that hemisphere, which closes the tube 
and does not intersect the circuit. Therefore the radiation from 
the free end of the circuit takes place in the directions which 
make, with the tangent to the circuit at the free end, this 
tangent being drawn in the direction of the circuit, angles 
which lie between 7r/2 and tt. The value of L at any point 
of the circuit is therefore given by 

L = I {sin K8 — sin {ks cos 6i)]f(0^ dOi^ 
Jo 
where 

B=f(0,) Bind,. 

When there are no sources or any other free end of a 
circuit near to the free end, the radiation will be the same 
in all directions, and therefore the distribution of magnetic 
discontinuities will be uniform over the surface of the infinitely 
distant hemisphere. Now B is proportional to g, and § 60, q is 
proportional to © sin 0i ddi ; hence, in this case, since oo is 
constant, f(Oi) is constant, and therefore L is given by 

IF 

L=^C I {sin K8 — sin (ks cos ^i)} d0i. 
Jo 

When there is another free end of a circuit near to the free 

end, the waves from the two free ends will, if of the same 

period, interfere, and the resultant radiation from either free 

end will depend on the difference of phase of the radiation from 

the two free ends and on the direction of the circuit or circuits 

at the two free ends. 
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69. In the case of a resonator the directions of the circuit 
at its two free ends are opposite, and, for the waves observed 
by means of the sparks which pass between the two free ends, 
the radiations are in opposite phases ; hence the circumstances 
of the radiation are the same as those of the radiation from a 
Hertzian oscillator. To obtain the value of f(0i) for this case, 
it is necessary to find the distribution of magnetic discontinuity 
which is equivalent to the oscillator, this distribution being 
over the surface of a sphere, whose centre is at the oscillator. 
The value of yjr due to a circle of sources at r = ri, 0=^01, is, 
§ 60, given by 



Wl 



where r>ri, and for a distribution of magnetic discontinuity on 
the surface of the sphere r = ri given by g = ^r (0^) dfii, by 



iri 



^g4 00 t^ 2n-\-l 
For a Hertzian oscillator yjr is given by 

8irt 

ylr=^Ae^ r^K^(LKr)sin^0; 
hence in the above 

g(0,) = Crsm0,, 

Siri 

giving -^ = (7 — r- 1/} (kVi) K^ (i/cr) sin^ 0^ 

and therefore the equivalent distribution of magnetic dis- 
continuity over the surface of the sphere is given by 

q = -C'sm^0jd0i. 

Hence, for the waves in a resonator, which are observed by 

means of the sparks, 

B=-Csm0,d0,, 

where C only involves the time, and therefore 



IT 

'2 



i = (7 I {sin KS — sin (ks cos 0i)] sin 0id0i , 



; 
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that is L^C -^sin ks \ . 

I tc8 J 

70. The electric force perpendicular to the circuit, at any 
point on it, is proportional to -^ , that is, to 

^ f sin /c5 .1 — cos Ks\ 
kC -(cos ks 1 — > . 

( K8 IC^S^ ) 

The points at which there are nodes are the points at which 
the electric force vanishes, that is, the points at which 

sin K8 1 — COS fcs ^ ,^ V 

CO& KS 1 — — =0 (1). 

K8 K^8^ ^ ' 

Writing k8 = ar, the equation whose roots are required is 

sino? 1 — cosar ^ ,^,. 

cosar -+ 5 =0 (10; 

and this equation is equivalent to the pair 

V(^-l) /ox 

^^^^ = ^+^,1 ) (2)> 

""^^ = a^-V(^-l) (3>- 

The roots of (2) and (3) occur alternately, the least root of 
(2) being less than the least root of (3). The wth root of (2) in 
ascending order of magnitude can be shewn to be given by 

^n = 2(n-l)7r + 7r/2-f (4), 

where 

f = 8m-» {/„ (0)} + 1 1 (sin-^/n ( J))» + . . ., 

/n (?) denoting the value of V(^ — l)/{^ + V(^ — 1)}, when for x 
is written 2 (n — 1) tt + 7r/2 — ?. The nth root of (3) in ascending 
order of magnitude is given by 

^«'=(4n-l)7r/2--r (5), 

where 

r = sin- {/.'(O)} + 1 g^ {sin-/„' (r)}» + ..., 
/n (I') denoting the value of - V(^ - \)\{a^ - VC^J* - 1)}, where i 



\ 

\ 
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for X is written (4n — 1 ) 7r/2 — f '. The roots of equations (2) 
and (3) can, with the exception of the first root in each case, be 
quickly calculated from the formulae (4) and (5), the first two 
terms of the series for ^ and f ' giving a sufficient approximation. 
To obtain the values of x^ and ar/, it is more convenient to use 
the equation (1'), the formulae (4) and (5) being used in these 
cases to indicate the neighbourhood of the roots required. The 
formulae (4) and (5) shew that the least root of equation (2) is 
in the neighbourhood of 7l7r/180, and that the least root of 
equation (3) is in the neighbourhood of 25.37r/180. Using the 
tables of the circular functions, and writing 

sin a? 1 — cos X ^ 

cos X 1 = X, 

X or 

it appears that, when a? = 71^7r/180. Z= 0001593..., and when 
a?=7l^7r/180, X = - 0000305... ; hence the least root of 
equation (1') lies between 10677r/2700 and 14237r/3600. Again, 
when a?=253f7r/180, X =-0001473..., and when a7=253f^/180, 
X = '0001127. . .; hence the next root of equation (1') lies between 
12687r/900 and 152l77r/10800. The third root of equation (1') 
is approximately 16637r/675, and so on. 

71. For any resonator, the fundamental wave length is 
that for which there is only one node on the resonator, that 
node being at the point which is equidistant from the two 
ends, the distances being measured along the circuit. Hence 
if I is the length of the resonator, the fundamental wave length 
\o satisfies the relation 

14237r 2^ I 10677r 
3600 ^ Xo ' 2 ^ 2700 ' 

., ^ . 1423 I 1067 

that IS, iTTiTv^ >Z-> ^Tk^TTT^ . 

3600 \o 2700' 

or 2-5328 > ^ > 2*52928. 

Therefore \o = 2'53Z, the difference between this expression 
for Xo and the accurate one being less than '04 per cent. The 
wave length, corresponding to the first overtone, is that for 
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which there are three nodes on the resonator; denoting this 
wave length by \i, it follows from the above that 

15217 J_ 1268 
10800 ^ Xi ^ 900 ' 

that is, -709779 > ^ > '709732 ; 

and therefore \ = '70971. Similarly the wave length Xg, 
corresponding to the second overtone, is given by Xg = '4059i, 
the values of the wave lengths corresponding to the successive 
overtones tending to the values given by X„ = 2Z/(2ii-f 1), as n 
increases. The relations between the successive wave lengths 
are Xj = '280X0, '>^ = 'IGOXo = '572Xi, etc. 

For a circular resonator, neglecting the gap, I = irD, where 
i) is the diameter of the resonator, and the fundamental wave 
length in this case is, by the above, given by Xt) = 7'9oZ>, this 
expression diflPering from the accurate one by less than 025 
per cent. 

72. It has been shewn experimentally by Sarasin and 
de la Rive* that, when electric waves are being propagated 
along a wire with a free end, the waves detected by a resonator 
are those which have the same period as the oscillations which 
belong to the resonator. The resonators used by them were 
circular, their diameters being 7 5, '50, and '85, in metres 
respectively, and the observed distances between the first and 
second nodes along the wire from the free end were 2*95, 1*95 
and 1*43. It will be shewn later, § 76, that the distance between 
the first and second nodes is very approximately half a wave 
length, so that the observed distances are approximately half 
the fundamental wave lengths of the corresponding resonators. 
The values of the half wave lengths of the resonators, as 
calculated from the formula Xo = 7*952), are 2'98, 1-98 and 1'38 
respectively, which agree well with the observed values. 

In their later experiments "f the wave length in air was 
observed by detecting the nodes and loops in the stationary 

* Comptes Rendua, ex. 1890. 
t Comptes RenduSt cxn. 1891. 
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waves due to reflexion at a large plane reflector. In discussing 
these experiments the distance of the first node from the 
reflector will be taken to be half the wave length, it being 
easier to observe accurately a node than a loop, and the position 
of the first node being less affected than that of the second by 
the finite extent of the reflector. 



Diameter of reso- 
nator circle 


1 metre 

stout wire 

1cm. in 

diameter 


•76 m. 
stout 
wire 


*50m. 
stout 
wire 


•8dm. 
stout 
wire 


•85 m. 
fine wire 

2 mm. 
diameter 


•25 m. 
stout 
wire 


•25 m. 
fine 
wire 


•20 m. 
stout 
wire 


•20 m. 
fine 
wire 


•10 m. 
stout 
wire 


Dist. of first node 


4 14 


3 01 


2-22* 


1-49 


1-51 


•94 


1-17 


•80 


•93 


•41 


T observed value 
4 


2-07 


1-50 


111 


•74 


•76 


•47 


•58 


•40 


•46 


•20 


— calculated value 
4 


1-98 


1-49 


•99 


•69 


•69 


•49 


•49 


•39 


•39 


•19 



* No first node observed, only the first loop. 

In the above table the calculated values of the quarter wave 
lengths have been obtained from the formula \ = 7*95D, and 
it will be seen that the agreement between calculated and 
observed values is in general very close. These experiments 
were repeated by Sarasin and de la Rivef under more favour- 
able conditions. The results obtained for circular resonators of 
diameters '75 m. and 50 m. were that the distance between a 
loop and a node in the two cases were 1*50 m. and 100 m. 
respectively. These observed values give the formula X = 82) 
for the wave length, the difference between which and the 
formula which results from the theory being about '6 per cent. 

73. In the preceding investigation of the wave lengths of 
resonators, it has been assumed that the effect of the small 
spheres, which are placed at the ends to make the sparks more 
definite, is negligible, and also that the damping of the oscil- 
lations in the resonator is negligible. The expression for -^ in 
the case of a straight wire, with a sphere of radius r© at the free 
end, under the influence of a circle of magnetic discontinuities. 



t Comptes Rendtu, cxv. 1892. 
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has been given, § 66, and it appears from it that the difference, 
between the term involving n in this case and the term 
involving n in the case when there is no sphere, is of the order 
(ro/\)^"'"S when n has any of its values other than Uq. The 
most effective of these terms is that for which ri = no + l, and 
in this case the ratio of the part, due to a sphere of radius 
•01 m., to the whole term lies between 10""' and 10""* for oscil- 
lations whose wave length is 2 m. The spheres at the ends 
of resonators have diameters lying between 1 cm. and 2 cm., so 
that, for a circular resonator of '25 m. diameter, the effect of 
the small spheres, as far as any term in the series for yjr, and 
therefore for i, other than the first, is concerned, is negligible, 
and the same result will hold for larger resonators. The value 
of '^ft for the straight wire, with a small sphere of radius r^ 
at the free end, under the influence of a circle of magnetic 
discontinuity at r = ri, ^= ^i, is therefore, § 66, given by 



f4 



Jn,^ («*•) - -^n.+l (tier) ^ 



37 {n* Jn,+i (-Wo)} 



.sin^.(l-,')f«f' 

.sin^.(l-,*0^'^"^'^" 
As in § 64, the value of •^ aloug the wire is given by 

_ zgnp l r _^,,^.^j _g-«V(r«+r,«+2rr,co8#,)l 



ft 



3/1*1 dfi 



KTy sin 01 



g^{r,*^„,+j(t*r.)} 



'+%^«.+i("^)f-^ {J_n._i(«rO-e<"«+i>"J-„.+i(«r,)} 



TT 



sin ?^**o n - uA ^^^ 
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that is, by 

#c?*i sm vj 
where 

When ^r© is small compared with n^, v tends to zero, and 
when Tio is small compared with kv^^ v tends to the value 
— 1£^^ cos zero. The value of v in general is € — ie\ where the 
absolute value of v is always less than unity. When kt^ is so 
small compared with rio, that {Kr^jn^y can be neglected, i/ = €, 
and the value of L for a resonator under these conditions is 
given by 

L = A I {sin K8 + €(l—fii) cos ks — sin /csfj^] dfj^, 

J 

that is, by 



^Ai 



^ sm K8 -{• -^ COS ICS 



_ 1 — COS KS) 
KS J ' 



The nodes are therefore determined by the roots of the 

equation 

€ . sin /cs 1 — cos K8 ^ y^. 

cos K8- ^smK8 — - 1 —I — = (6). 

2 K8 K^sr 

Denoting by Xq the least root of equation (1'), which is 
what (6) becomes, when € = 0, the least root of equation (6) 
is approximately x^ — 'le. Hence, if € is less than 10~', the 
fundamental wave length of the resonator is increased by less 
than 1 per cent. In general, when i/ = e — te , the value of L for 
a resonator is given by 

L = A\ [{1 — e' (1 — /Lti)} sin /c5 4- € (1 — /^i) cos k8 — sin KSfi^ dfii, 
Jo 

that is, by 

T A f/i ^'\ ' , € l-cos/es] 

L = A '1 — -sm/c^ + H cos k8 y . 

V 2/ 2 /c8 ) 

8—2 



J 
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The nodes are therefore determined by the roots of the 
equation 



(-0 



€ . Sm K8 1 — cos K8 ^ ,Kr\ 

COS KS—t: sm K8 — r — = . . . (7). 

2 K8 K^S^ ^ ^ 



The least root of this equation is less than the least root of 
equation (1), and therefore the fundamental wave length of the 
resonator is greater, that is, the effect of the small spheres at 
the ends of the resonator is always to increase the fundamental 
wave length. In their second series of experiments* Sarasin and 
de la Rive used resonators, which were made of two different 
kinds of wire, one being stout wire of diameter 1 cm., the other 
fine wire of diameter 2 mm. The radius of the small spheres 
being about 1 cm., the reflexion of the waves due to the small 
spheres, in the case of the stout wire, will be small, but, in the 
case of the fine wire, appreciable. It might therefore be 
expected, that the wave lengths of a resonator made from the 
fine wire, would be greater than that of a resonator of the same 
size, made from the stout wire, more especially in the case of 
the resonators of less diameter, as the effect also depends on the 
ratio To/X This difference is well marked in the results of the 
experiments, the increase, in. the case of the resonator of '20 m. 
diameter, being rather more than 15 per cent. In practice, 
this cause of difference could be got rid of by diminishing the 
amount of reflexion due to the small bodies at the ends of the 
wire, and this could be effected by using, instead of spheres, 
pear-shaped bodies, the wire being fitted on to the narrower 
ends of these bodies. 

74. In some experiments the ends of the resonator have 
been fitted with small plates, instead of with spheres, and it is 
of some importance to find out what their effect would be. 
Although this problem cannot be solved directly, the effect can 
be very approximately determined by means of the preceding 
analysis. Since the result depends on the amount of the 
reflexion of the waves by the plate, it is clear thatf the effect 
of the plate is the same as that of a small sph^e, when the 

* Comptes RenduSj czii. 1891. 
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wire is made indefinitely thin, and this is the case where, in the 
above analysis, 1/ = — *«*'*'• cos «ro, /cvq being very small. The 
function i, for the resonator, is therefore given by 

( . . 1 ^ cos fC8^ 

L = AU1 — ^ cos^ kTq) sin /cs + ^ sin kVq cos kTo cos k8 — 



KS 



and the nodes are determined by the roots of the equation 



(1 — J cos^ /cTq) cos fcs — ^ sin kVq cos kVq sin ks 

cos K8 



sin K8 1 
+ - 



/cV 



= 0...(8). 



If the wave length be supposed given, the least root of 
equation (8) is very small, and therefore the distance of the 
first node from the end is very small. In the case of a 
resonator, oscillating in the fundamental mode, the distance of 
the first node from the end is half the length of the resonator, 
and the fundamental wave length is therefore very great. 
Now, in a resonator, the oscillations, which are observed, are 
those, whose wave length is least different from that of the 
oscillator, as the intensity of the oscillations in the resonator 
depends, approximately, on the inverse of the square root of the 
difference of the squares of the reciprocals of the wave lengths 
of the oscillator and the resonator. Hence, in this case, the 
oscillations, corresponding to the fundamental wave length, 
would not be observed. To determine the wave length corre- 
sponding to the first overtone, it will be sufiicient to discuss, 
instead of equation (8), the equation 



- sin K8 1 — cos K8 ^ 

i cos K8 1 :r2 = 0, 



K8 



I^S^ 



(8'). 



The least root of equation (8') is given by k8 = 0, which has 
already been considered. Writing 

1 sin X 1 — cos x ^ 

i cos OS 1 — = Xy 



X 



a? 



it appears that, when x = 234^ ir/lSO, Z = — 000014, and when 
x—2S^7rllS0, X = '000097, hence the next root of equation 
(8') lies between 234^7r/180 and 2343J^7r/180. Taking the 
second of these two values, which will give a sufficiently 
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accurate result, the wave length \i, corresponding to the first 
overtone, is given by 

I ^2341 

\ ■" 1800 ' 

where I is the length of the resonator, that is, \i = '7689?. TGe 
wave length, corresponding to the first overtone, in the case 
where the efifect of the small spheres at the end is negligible, 
was determined above, and is \i = '7097Z, so that the wave 
length, corresponding to the first overtone, when plates, instead 
of spheres, are used at the ends of the resonator, is between 
7 and 8 per cent, greater. The oscillators, which have been 
used in diflferent experiments, appear to emit waves of wave 
lengths lying between 5 m. and 8 m., so that, when a circular 
resonator, of diameter 1 m. or less is used, the ends being 
fitted with plates, the oscillations observed will be those whose 
wave length is Xj, where \i = 2*41 i). 

75. Limits for the rate of decay of the oscillations in a 
resonator can be found as follows. The resonator being, in 
respect of the radiation from it, equivalent to a Hertzian 
oscillator, the rate of radiation of energy from it, during any 
period, is, § 49, 167r^E^g^V/S\\ where g is the efiective gap, E is 
the maximum charge at either end of the resonator during 
the period under consideration, \ is the wave length of the 
oscillations, and V is the velocity of radiation in the surrounding 
medium. Hence, if W denotes the total energy in the resonator 
at any time, 

dt 3A.* 

Now, at any instant of time, W==E^/l, where I is a length, 
which lies between the greatest distance between any two 
points of the resonator and the distance between the efifective 
free ends of- the resonator ; therefore 



dW 



r^ IQ'n^gHV ^^ 



dt 3\* 

and Tr=e-«Tfo, 
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where A; = 167r^5r'ZF/3V. Hence the time, which elapses before 
the amplitude of the oscillations falls to l/e of its initial value, 
is SX^/Sn^gHV, that is Sk^T/STr^gH, where T is the time of a 
complete oscillation. In the case of a circular resonator, of 
diameter D, D>l>gy and the time t, which elapses before the 
amplitude of the oscillations falls to Ije of its initial value, 
satisfies the relation 

When the ends of the resonator are spheres, the above relation 
is approximately V92T(D/gy>t>l'92T(D/gy, and, in the 
case of the resonator, of diameter '70 m., used by Hertz, 
the distance between the centres of the small spheres being 
2 cm., the number of complete oscillations, executed before the 
amplitude falls to l/e of its initial value, lies between 2352 and 
82320. When the ends of the resonator are plates, the time 
t satisfies the relation '05SST(D/gy>t>'0oSST{D/g)\y9hich, 
in the case of a resonator of the same size as that used by 
Hertz, shews that, when the ends are plates, the number of 
complete oscillations, executed before the amplitude falls to l/e 
of its initial value, lies between 65 and 2253. Bjerknes* 
found, by experiment, that the number of complete oscillations, 
executed before the amplitude falls to l/e of its initial value, 
was between 500 and 600, in the case of a resonator, whose 
fundamental wave length was about 8 metres, but, in comparing 
the results of his experiments with those of theory, it has to be 
remembered that, in his ari-angement, sparks were prevented 
fi:om passing between the ends of the resonator. Now, sparks 
can be prevented from passing in two ways, by increasing the 
eflfective gap or by arranging that there shall be nodes near the 
ends of the resonator, in which case the potential difference in 
the gap will be much less. It at once follows from the above, 
that an increase in the length of the effective gap greatly 
increases the rate of decay. The second method of preventing 
sparks is equivalent to preventing the resonator from executing 
vibrations of fundamental wave length, which can be eflfected 
by using plates at the ends, instead of spheres, and in this case* 

* Annalen der Phynk und ChemU, Bd. 44, 1891. 
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as was seen above, the rate of decay is about 36 times faster. 
It can, therefore, be concluded, that the rate of decay of the 
oscillations in the resonator, under the conditions of Bjerknes' 
experiments, is considerably greater than it is, when the 
resonator is arranged as in the experiments of Hertz or in 
those of Sarasin and de la Rive, and, taking into account the 
influence of the an-angement of the resonator on the rate of 
decay, the rate observed by Bjerknes is of the order indicated 
by theory. It follows, also, from the above, that the rate of 
decay of the oscillations in the resonator, which correspond to 
the first and higher overtones, is very much greater than that 
of the oscillations of fundamental wave length. The influence 
of the rate of decay on the. wave length of the fundamental 
oscillations of the resonator will be negligible, as was assumed 
§ 71, this rate being very small. 

76. Proceeding now to the case of waves along a straight 
wire with a free end, there being no sources or other free ends 
near to the free end, it was seen, § 68, that the value of L, at a 
point on the wire at a distance «, measured along the wire, from 
the free end is given by 

IT 

L=^ A I {sin K8 — sin (ks cos 0)} dd. 
Jo 

The points at which the electric force perpendicular to the 

wire vanishes, that is the points at which there are nodes, are 

determined by the roots of the equation 



Writing 



TT 

^ cos fC8 
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- / COS (k8 cos 0) COS 0d0 = 0. 
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^ COS a? 



— I cos (x COS 0) COS 0d0 = X, 

J 

it appears that, when a? = 0, X = 7r/2 — 1. As a? increases from 
zero, ^cos^ diminishes and vanishes when a? = 7r/2, the integral 
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IT 

2 

COS (a? cos 0) cos 0d0 also diminishes and remains positive 
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until its first zero, which can easily be shewn to be less than 
\/3, is attained ; hence, the least value of a?, for which X vanishes, 
lies between and 7r/2. Writing the integral in the expression 
for X in the form of a series, X is given by 

A = ^ cos a? -r 1 — TT + 



2 V 3 3^5 3^6^7 ' •* 

and, using this expression, it can be shewn that, when 
X = 237r/60, X = 0015. . ., and, when x = 69^7r/180, Z = - -0022. . .; 
therefore the least zero of X lies between 237r/60 and 2087r/540. 
For waves of wave length X, the first node is therefore at a 
distance d from the end of the wire, where 

104X m 

640"^ 120' 

whence d= •192\, this result differing from the accurate one by 
less than one-two-thousandth part of a wave length. It can 
also be shewn that the next zero is greater than tt, and that, 
when ii?=2487r/180, Z = -0032..., and when izr = 248 J7r/180, 
X = '00027...; hence, if d^ is the distance of the second node, 
d^ satisfies the relation 

1489\ , 124 
2160 ^"^^^180^' 

and therefore d^ = *689\, this result differing from the accurate 
one by less than 10~*X/4. The distance between the first and 
second nodes is given by •497\, which differs from half a wave 
length by OOSX, justifying the assumption made § 72. From 
the formula \ = 7*95i), for the fundamental wave length of a 
circular resonator of diameter D, §71, it follows that the semi-' 
circumference of the circle is •197\, so that the semi-circum- 
ference of the resonator is very nearly equal to the distance of 
the first node from the free end of a wire along which waves are 
travelling, the node being that which belongs to oscillations of 
the same period as those of fundamental wave length in the 
resonator. This was observed to be the case by Sarasin and 
de la Rive* in their experiments. The result of taking into 

* Comptes RendiUf ex. 1890. 
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account the eflfect of the small spheres at the ends of the 
resonator would be to make the coincidence closer. 

To determine the positions of the other nodes along the wire, 
the semi-convergent form of the integral I cos {x cos 0) cos 6d0y 

J 

can be used, and the expression whose zeros are required, is, 
in this form, 

TT /^ / ^\ fi 3.6.1 3.5.7.9.1.3.5 * ] 

2^^^^"\/2i^^K^"4Jf +2T(8^ 4!(8^? ■^-j 

/tt . / 7rW3 3.5.7.1.3 

/I 3^ ^_:^ _ \ 

The zeros of this expression ultimately tend to (2k + 1) 7r/2, 
where k is an integer; the distance between the second and 
third nodes is greater than half a wave length, and so on. 

77. The form of the wave front in the neighbourhood of 
the free end of a wire can be obtained as follows. Taking 
r in equation (8), § 62, to be very small compared with the 
wave length, the function -i/r, in the neighbourhood of the free 
end, is given by 

y^ = tIq Br {1 — fji), 
and 

^=-no£rP„.(M), 

from the same equation, whence the components of the electric 
force R and are given by 



1 de^ 1 dit_noB n-fi 

V dt rsinffdr ~ r Vl+ytt* 
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Therefore in the immediate neighbourhood of the free end, 
that is, 

or, if 6 be the angle which the radius vector makes with the 
wire, 

Hence the equation to the wave fronts near to the free end is 
approximately 

r* cos ^ = const., 

that is, they are portions of paraboloids of revolution, which 
have the free end as focus and their vertices on the wire. 

78. To obtain the form of the wave front in the neighbour- 
hood of the wire, at a great distance from the free end, let the 
wire be taken as the axis of ^, the axes of x and y being 
perpendicular to it, and the origin at the free end. The 
expressions for the components of the electric force at the 
point Xy y, z are then, §§ 44, 57, 



r ozi 



dxJo 

dyJo r dzi 

dzJo r dzi Jo r 

where r^ = (z- z^ + fl?» + y^ and, § 68, 
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2 r^ 

L^C\suiKZi — I sin (/c-s^i cos ^) d^]. 

IT J 
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Writing 

and for its equivalent 

^ t^ l~{{z"z,)^-\-nfi-^}^ da 

it follows that 

IT 

• ~T [^^s '^'^i — / ^^^ ('^'^1 ^^® ^) ^^^ ^d^]« 
Now 

j e ^ 'cos /c^id-gTi =1 e 2<r cos /c (5 + f ) df, 
where z is positive, that is 



I 6 ^ COS fCZidZi 

J 



ica^ r-z '^H 



e'2(r cosiK(^+f)d?- I ^ 2<r cos /«: (£r + ?) <^?. 

— 00 J —ao 



• 00 •' — 00 

whence 



I e 2<r cos KZidZ I 

Jo 



COS KZ -? '•-^ ""^ 



e ^J^tra"] e '^ cos K{z+t)d^. 

The second term on the right-hand side, when z is great, is 
negligible compared with the first, and therefore 

/ e~2^^~^' cos KZidz^ 
Jo 

tends to the value - cos Kze ^ j2ir(T, when z is great. Similarly 
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I e ^ ' COS(/C-2^lC08^)<ijgri 
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1 o-oos^9 

tends to the value - cos (kz co90)e * J27ra; when z is great, 
and therefore % tends to the value 
^ if 



-kC f , 

J e-oot 



ei-s'--^**' 



«■ 



X -je * COS «^ j e ^ cos (^2r COS ^) cos Odffy — . 

Further^ the first significant term of the integral 



r. 



-«C08*^ 



e * cos (kz cos ^) cos 0d0 



involves (z^-?)"*. Hence ultimately, when z is very great com- 
pared to the wave length, x is given by 

n r -^i^+v') da- 

^ = — ^G cos KZ j e ^ — . 

In like manner, the integral 



I id^i ^ — CaiuKZ I 

J ^ J c— oot 



6 *' 



when 2: is very great compared to the wave length. Hence, at 
a great distance from the plane -s^ = 0, in the direction of the 
wire, the components of the electric force are given by 

that is, 

Y= z —^ cos tCZy 

sd' + y 



Z= 0. 
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Thus, at a distance from the plane z^O, great in comparison 
with the wave length, the wave fronts tend to become planes 
perpendicular to the wire. Therefore, in travelling in the 
direction of the wire from the free end, the wave fronts 
change continuously from paraboloids of revolution with their 
concavities towards the free end, the free end being the 
common focus, to planes perpendicular to the wire. 

79. The form of the wave fronts, in the neighbourhood of 
a terminated straight wire, has been made the subject of 
experimental investigation by Birk eland and Sarasin*. Circular 
resonators, of diameters 10 cm. and 25 en;., were used by them ; 
the positions of the first four nodes, in the direction of the wire 
from the free end, at diflferent distances from the wire, are 
given in a table, for the resonator of diameter 10 cm., and a 
figure is given, indicating the positions of the nodes at diflferent 
distances from the wire and the forms of the wave fronts, for 
both resonators. For the resonator of diameter 10 cm., it 
appears that, at a distance of 2 cm. from the wire, the first 
node was at a distance of 16 cm. from the free end of the wire, 
measured parallel to the wire, and that the mean distance 
between consecutive nodes was 39*6 cm. 

The result of the theory, § 71, is that the wave length of the 
resonator is 79*5 cm., and, § 76, that the distance of the first node 
on the wire from the free end, for the waves belonging to a 
resonator of 10 cm. diameter, is 15*2 cm., the distance between 
successive nodes being approximately half a wave length, which 
in this case is 39*7 cm., so that the results of theory and observa- 
tion agree. In the figure given by Birkeland and Sarasin, the 
change in the form of the wave front, as the free end is receded 
from in the direction of the wire, is the same as that arrived at 
theoretically §§ 77, 78. In particular, they found in the case 
" of the three sets of observatiqns made in the spaces between 
the nodes, that the perpendicular to the plane of the resonator 
circle, when placed in that position, in which the effect was a 
maximum, is very approximately in the direction of the bisector 

* Comptes RenduSf cxvn. 1893. 
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of the angle, which the line joining it to the end of the wire 
makes with a parallel to the wire through it/* When the 
spark gap is in the position described, it is tangential to the 
wave front, and therefore the wave front is very approximately 
a paraboloid of revolution, having the end of the wire as focus, 
which is in exact agreement with the result of the theory, § 77. 

80. When the velocity of propagation of electric waves is 
determined by observations on wires, the thing measured is the 
distance between two consecutive nodes along the wire, and 
this distance is assumed to be half a wave length. Now the 
result of theory is that, if the wire were perfectly conducting 
and endless, the wave fronts would, for a straight wire, be 
planes perpendicular to the wire, and the distance between 
two consecutive nodes along the wire would be half a wave 
length, so that the velocity of propagation determined under 
these conditions would be the accurate one. 

If the wire is not perfectly conducting, and the effect of 
imperfect conduction is assumed to be dissipation of the 
energy according to Ohm's law, the wave fronts, in the case of 
a straight wire, will no longer be planes perpendicular to the 
wire, so that the distance between two consecutive nodes along 
the wire will not be half a wave length. It is not difficult to 
prove that the distance between two consecutive nodes along 
the wire will be less than half a wave length, the difference for 
copper wire about 1 cm. diameter being, in the case of waves 
whose wave lengths lie between 2 m. and 10 m., a quantity, 
whose ratio to the half wave length is of the order 10"*, a 
difference too small to affect the results of observation. 

When the wire is terminated, it appears from the theory, 
§ 76, etc. that, owing to the radiation from the free end, the 
wave fronts are not planes perpendicular to the wire all along 
it, but gradually approximate to planes as the free end is 
receded from, the distance of the first node along the wire from 
the free end being considerably less than a quarter wave 
length, and the distance between the first and second nodes 
along the wire being less than half a wave length, the ratio of 
this difference to the half wave length being a quantity lying 
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between 10"* and 10""'. It follows that the velocity of propa- 
gation of electric waves as determined from observations on 
wires, assuming the distance between consecutive nodes along 
the wire to be half a wave length, will be very nearly the 
velocity of propagation of waves in the surrounding medium. 

Two methods of comparing the wave lengths along a wire 
with those in air have been devised by Hertz*. The first 
method consisted in observing the effect of interference between 
the waves proceeding from an oscillator and the waves set up 
in a straight wire by this oscillator; the second method 
consisted in observing the loops and nodes of the stationary 
waves set up by reflexion from a plane mirror. Both sets 
of experiments were made in the same room, though under 
somewhat different conditions. Two resonators were used, 
one of which was a circular resonator of diameter 70 cm., and 
both resonators were in tune with the oscillator. The distance 
between two consecutive nodes on a straight wire, detected by 
the circular resonator, Hertz had already found to be 2'8 m., 
which is in agreement with the theory above, the theoretical 
value of the fundamental wave length of this resonator being 
5*56 m. In the mirror experiment the primary oscillator was 
at a height of 2*5 m. above the floor, and the resonator was 
moved along at this height. The first loop occurred at a 
distance of 1*72 m. from the mirror, the first node at a distance 
somewhere between 41 m. and 4*15 m.; farther from the mirror 
the phenomena had become so feeble that the position of the 
second loop could not be determined with any degree of 
accuracy, all that could be asserted was that it was at a 
distance somewhere between 6 m. and 7*5 m. from the mirror. 
It is evident from theory that these results are not those, 
which would be observed if the phenomena were those of 
reflexion at a plane mirror, for in that case the distance of the 
first node from the mirror would be somewhere about twice the 
distance of the first loop from it, even allowing for the limited 
extent of the mirror. Disturbing causes, of which the effects 
are considerable, are present. The possible disturbances are those 
due to reflexion from the floor and the walls of the room, and 

* Electric Waves, pp. 107, 124. 
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those due to the presence of the oscillations in the resonator, 
which belong to its overtones. The resonator being in tune 
with the oscillator, the amplitude of the oscillations belonging 
to its overtones will be very small compared with that of the 
oscillations, which belong to its fundamental tone, so that, in 
this case, the effect of these other oscillations in the resonator 
may be neglected. If it be assumed that the floor is a perfect 
conductor and that the effect of the walls is negligible, the 
condition for a well marked loop or node is that the electric 
force at the gap of the resonator, due to reflexion at the floor 
and at the mirror, is in the same or opposite phase as the 
electric force in the gap when the mirror and floor are supposed 
to be away. Denoting by x and y the distances of the resonator 
from the mirror and from the floor, these distances being 
measured parallel to the floor and to the mirror respectively, 
the above condition is represented approximately by 

sin 2fca! sin 2^r sin 2/cv ^ 

+ = 0, 

oc r y 

where k = 27r/\, X is the wave length and r' = ^ + y*. The 
number of real roots of this equation in oc depends on the 
distance y of the resonator from the floor ; if y is a multiple of 
half the wave length, sin 2Ky vanishes, and there is an infinite 
number of real roots ; in any other case the number of real 

X • £ -i. xu r ii 4. 4.- r sin 2kx sin 2/cr 
roots is nnite, as the range of fluctuation oi 

diminishes as x increases. 

Thus, in general, there will only be a limited number of 
well marked Joops and nodes. In the particular case under 

m Y\ 2 /til 

consideration the value of ~ is very nearly 1/4, all 

distances being supposed expressed in metres, so that there 
will be, assuming the floor a perfect conductor, no well marked 
loop or node, the first loop excepted. Further, the least root 
Wo of the above equation is considerably greater than a quarter 
wave length, and therefore the true wave length in air will be 
much less than four times the distance of the first loop from 

M* £• W. «/ 
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the mirror. If the floor is Dot a perfect conductor, the above 
equation will be replaced by the equation 

sin 2kx sin 2fcr sin 2Ky ^ 

€ +e ^=0, 

X r y 

where e is some quantity less than unity, and the results will 
be of the same kind as those described above ; the distance of 
the first loop from the mirror will be greater than a quarter 
wave length, and a loop or node at some distance from the 
mirror will not be well marked. 

These efiFects are exactly those which Hertz* results shew 
to have been present in his experiments, and, it being re- 
membered that the effect of reflexion from a wall would 
produce the same kind of effects, it can be safely concluded 
that there was considerable reflexion from the floor or walls of 
the room, most probably from the floor. 

In the interference experiment the primary was differently 
arranged, its height above the floor being now 1*5 m. The 
total effect on the resonator in any position is made up of the 
effect due to the waves coming directly to it from the oscillator, 
the waves coming from the oscillator, which are reflected to it 
from the floor and the walls, the waves, which are radiated out 
from the resonator and are reflected back to it by the floor and 
the walls, and the waves along the wire. If there were no wire, 
the waves from the oscillator which arrive at the resonator 
after reflexion at the walls or at the floor would interfere with 
the waves coming direct from the oscillator differently at 
different distances, for the ratio of the amplitudes of these 
waves and their difference of phase are different at different 
distances from the oscillator. If then, there being no wire, the 
resonator were moved in a direction parallel to the floor and 
away from the oscillator, the sparks would at first diminish in 
intensity and afterwards increase to a maximum, after wh^ch 
they would again diminish, the successive maxima diminishing 
and the distance apart of two consecutive maxima tending to> 
but being always greater than, half a wave length. If there 
were no reflexion from the walls or floor of the room, the 
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sparks would diminish continuously as the resonator is moved 
away from the oscillator. When there is a wire, there will be 
along it waves of different wave lengths, as has been shewn 
experimentally by Sarasin and de la Rive. Stationary waves 
will be formed along the wire, whether it has a free end or is 
led to a conductor, and the electric force perpendicular to the 
wire will vary along it. The amplitude of the waves along 
the wire, which have the same wave length as an overtone of 
the resonator, will not necessarily be negligible in comparison 
with the amplitude of the waves along the wire, which have 
the same wave length as the fundamental tone of the resonator. 
The effect on the resonator of the waves along the wire will 
therefore be a periodic function of the distance measured parallel 
to the wire. The nature of the effect on the resonator of the 
interference of the waves along the wire with the waves coming 
directly from the resonator and those coming from the walls 
and the floor of the room will then be of the character observed 
by Hertz ; if there were no reflexion from the walls or floor, or 
if there were only simple harmonic waves along the wire, the 
interference would not have been of the kind observed; to 
produce it, there must have been waves along the wire with 
the same wave length as one or more of the overtones of the 
resonator, as well as reflexion from the walls or floor of the 
room. 

These experiments of Hertz taken together shew indirectly 
that the overtones of a resonator are, under the proper conditions, 
excited. Evidence for their existence can also be obtained 
from the experiments of Sarasin and de la Rive. They found 
in their mirror experiments that there was no position in which 
the sparks totally disappeared. If only the ftmdamental tone 
of the resonator had been excited, there ought theoretically to 
be no sparks at a distance from the mirror, which is a multiple 
of half the fundamental wave length of the resonator, and if the 
wave lengths corresponding to the overtones were integral 
submultiples of the fundamental wave length of the resonator, 
there would be no sparks, due to the presence of the overtones, 
at such points. It has been shewn, § 71, that, if Xo> ^ are the 
wave lengths of the fundamental tone and of the first overtone, 

9—2 
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Xi = *28\o, whence 7\i/4 = *49\o> and therefore the first mxie 
from the mirror for the fundamental tone is very near to a 
loop for the first overtone. If the fundamental wave length of 
the resonator is nearly the same, or less than, the wave length 
of the oscillations sent out by the oscillator, the amplitude 
of the oscillations belonging to any of the overtones of the 
resonator will be small compared with that of the oscillations 
belonging to the fundamental tone, so that, in such cases, the 
observed positions of the nodes and the loops will be very 
approximately the same as if the overtones of the resonator 
were not excited ; the only appreciable eflfect of the overtones 
will be that there will be no position in which sparks are entirely 
absent. If, however, the fundamental wave length of the 
resonator is greater than the wave length of the oscillations 
sent out by the oscillator, the amplitude •of the. oscillations 
belonging to the first overtone of the resonator may not be 
small compared with the amplitude of the oscillations belonging 
to the fundamental tone, as the ratio of their amplitudes is 
very approximately 

Av"v// VV"vjj ' 

where \ is the wave length of the oscillations of the oscillator, 
and, in such cases, the observed positions of the nodes and the 
loops would not be the same as if the overtones were not 
excited. This is .probably the explanation of the fact that 
Sarasin and de la Rive in their third series of experiments did 
not obtain good results in the case of the resonator of diameter 
I m., as its fundamental tone has a wave length considerably 
greater than that of the oscillations of the oscillator, and the 
amplitude of the oscillations belonging to the first overtone of 
this resonator is approximately, in the case of the oscillator 
used, one-fifth of the amplitude of the oscillations belonging to 
the fundamental tone, so that, in this case, there would be a 
displacement of the observed positions of the nodes and the 
loops from the positions of the nodes and the loops belonging 
to the fundamental tone, which, though small, would be 
appreciable. Another curious eflfect, which they observed, 
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was that the intensity of the minimum sparks in the resonator 
was greater than the intensity of the sparks, when the mirror 
was away*. This can be explained as follows : when there is 
no miiTor, the almost dead beat oscillations of the oscillator 
produce an effect on the resonator similar to that which would 
be produced by a single pulse. When the mirror is present, 
the waves from the oscillator, after striking on the resonator, 
are reflected back from the mirror, as are also the waves 
emitted from the resonator, and these latter have a very small 
rate of decay. If the resonator is at a distance from the mirror 
which would be a loop for one of its overtones, the oscillations 
belonging to this overtone are continually reinforced, and after 
a time their amplitude will become great compared with that 
of the arnplitude of the oscillations excited by the oscillator 
when there is no mirror. As the rate of the radiation of energy 
from a resonator varies inversely as the fourth power of the 
wave length, the amplitude of the oscillations belonging to an 
overtone will be much less in comparison with the amplitude of 
the oscillations belonging to the fundamental tone than it is 
when there is no mirror, so that the results stated above, as to 
the effect of the overtones on the positions of the loops and the 
nodes, will not be affected. The effect of the overtones will be 
that observed by Sarasin and de la Rive; there will be no 
position in which the sparks totally disappear in front of a 
reflector, and the intensity of the sparks in the resonator, when 
it is in a position in which the intensity of the sparks is a 
minimum, will be greater than the intensity of the sparks 
produced in the resonator, when there is no reflector. 

* The effect of even slight reflexion, such as that from a waU, in increasing 
the intensity of the sparks in a resonator had abready heen observed by Hertz. 



APPENDIX A. 

THE RELATION OF THEORETICAL TO EXPERIMENTAL 

PHYSICS. 

All observations consist in the comparison of motions, the 
thing observed being always a change of position of something 
as, for example, of a needle, a spot of light or the hand of a 
watch. The function of theoretical physics is to give a con- 
sistent representation of these changes, and this representation 
has to be made in terms of certain general conceptions such as 
space. Now space is conceived of as possessing the property of 
extension only, and it is postulated of it that it is possible to 
assign definite positions (points) in space, to draw uniquely a 
line from any one point to any other, which shall have the 
same direction throughout, and to draw from any point uniquely 
a line which shall throughout have a definite assigned direction. 
Thus space itself is not conceived of as moving, but as being 
such that motion can take place in it. The possibility of the 
motion of a point in space involves that of its not being in 
motion, so that absolute position in space is a necessity of 
thought. 

If AB and CD be two parallel straight lines and points P 
and Q be supposed to move along AB and CD respectively so 
that the straight line PQ moves from the position AC to the 
position BDy 'the points P and Q are said to describe AB and 
CD in the same time, and further, if the straight line PQ in all 
intermediate positions which it occupies passes through the 
intersection oi AC and BD, the rates of description of AB and 
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CD by P and Q are said to be always in the constant ratio AB 
to CD. 

In this way rates of description of paths, that is velocities, 
can be compared ; hence arises the idea of a constant velocity, 
and time is conceived of as measured mathematiically by a point 
which describes a definite path, as for example a circle, with a 
constant velocity. Mathematical time is not necessarily the 
same as the time of actual experience, no amount of experience 
can ever prove that they are the same or that they are diflferent. 
What can be asserted is that there are actual timekeepers 
which measure time in such a way that within the range of 
actual experience its properties are indistinguishable from those 
which are assigned to the time of mathematical thought. 

Similarly, it cannot be asserted of any velocity of actual 
experience that it is an absolute velocity ; what can be is that 
within the range of the particular experience under considera- 
tion its behaviour is indistinguishable from that of a mathe- 
matical absolute velocity or the difference of two such velocities. 
There can be no actual experience of the absolute space, velocity 
or time of mathematical thought, but it does not thence follow 
as some writers have held that we can have no knowledge of 
them. These conceptions have been evolved by the mind to 
suit its mode of action which impels it to represent as far as it 
can the phenomena of actual experience in terms of things 
which can be thought of as forming parts of the whole con- 
ceptual system and at the same time as existing independently. 

Anything capable of actual motion was originally termed 
matter, and the motions observed were discussed on the assump- 
tion that they could be represented by a moving point or 
points. If the laws of motion according to which such a point 
moved were known, the complete history of the motion could 
be traced, the position of the point at any instant being then 
expressible in terms of its position and velocity at a definite 
time. In attempting to formulate the laws of motion of moving 
points, whose motions should represent actual motions, it was 
natural to make use of the ideas already arrived at concerning 
matter. Matter was thought of as indestructible and measur- 
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able, the quantity of matter in a body being independent of its 
position and unalterable with the time. Further, motion could 
be communicated to a portion of matter, the simplest case 
being that where motion is communicated from one moving 
body to another, the communication of motion being supposed 
to take place instantaneously. At first the quantity of matter 
in a body was determined by its weight; it was only when 
observation had shewn that the weight of a body was not 
independent of its position that it became clear that quantity 
of matter was not identical with weight. Matter was recognized 
as being of different kinds, and bodies, the material of which 
was the same, could be compared in respect of quantity by the 
volumes they occupied ; comparison between bodies composed 
of different kinds of matter would be meaningless except in 
respect of some property which all kinds of matter possessed in 
common. Their common property being that they can move, 
the comparison between them must be made in respect of the 
communication of motion from one body to another, and in the 
theoretical comparison each body is supposed to be capable of 
being represented by a moving point. 

Observation shews that the circumstances of the motion of 
two bodies after the communication of motion between them 
depend on the directions of their motions before, so that the 
simplest case is that in which the motions of the two bodies 
are such that they can be represented by two points moving 
in the same straight line, the object of discovery being some 
quantity which is unaltered. It is then found that there is a 
linear function of the velocities which remains constant, that 
when the two bodies are of the same material the coefficients 
of their velocities in this expression are in the same ratio as 
their volumes, and also that, if communication of motion takes 
place between a body Ai and a body B of different material 
and between a body A^ of the same material as Ay and the 
body B, if the coefficient of the velocity belonging to 5 be 
taken to be the same in the two cases, the ratio of the coefficients 
of the velocities belonging to ^i and A2 is the same as when 
communication of motion takes place between A^ and A2. 
Further the knowledge so far obtained of these coefficients 
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makes it natural to expect that, when communication of motion 
takes place between two bodies which are not moving in the 
same straight line, the same linear function of the component 
velocities in any direction remains constant, and this is found to 
be the case. It follows, that all material bodies can be compared 
in respect of the communication of motion from one to another ; 
the coefficient belonging to any one body being kept constant, 
the others remain constant, having always the same ratio to the 
standard one. The linear function of the velocities in any 
direction which remains constant is termed the momentum* 
of the bodies in that direction, and the part of it which involves 
only one of the velocities, the momentum of the body possessing 
that velocity, these momenta being compounded like velocities. 
The ratio of the coefficients belonging to any two bodies is 
termed the mass-ratio of these two bodies, and, it being agreed 
that the coefficient belonging to a particular body is unity, 
this body is said to be of unit mass and the coefficient 
belonging to any other body the measure of its mass. When 
communication of motion takes place between two bodies the 
effect produced in any direction is measured by the change of 
momentum of the body in that direction. Observation shews 
that in many cases change takes place in the motion of a body 
without its being immediately assignable to communication 
with another moving body; the change which takes place is 
still measured in the same way, and the cause producing this 
change is termed force, the measure of the force being that of 
the change which it produces. When the changes are such 
that they must be considered as taking place gradually and 
not instantaneously, the corresponding laws are obtained by 
considering the gradual change to be the limit of a great 
number of changes taking place instantaneously at successive 
small intervals of time. Change of momentum is then replaced 
by time rate of change of momentum and force by continuous 
force. The preceding constitutes the Newtonian scheme for the 
representation of the phenomena of bodies in motion and in it 
the idea of momentum is fundamental. The idea of mass is 

* By some writers it has been termed the *' quantity of motion.'' 
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arrived at subsequently, and it is a result of experience that the 
mass-ratio of two bodies of the same material is that of their 
volumes, just as it is a result of further experience that the 
masses of bodies can at the same place be compared by their 
weights. 

Instead of takiug momentum as the fundamental idea 
another measure of the quantity of motion might have been 
chosen. That adopted by Huygens was the quantity now 
known as energy, and with it as the fundamental idea a 
complete scheme for the representation of the phenomena can 
be developed. So far as mechanics is concerned either scheme 
is equally convenient ; it is when dynamical methods come to 
be applied to the representation of other physical phenomena 
that the advantages of the second scheme become apparent. 
For some time physical phenomena such as those of heat 
and electricity were ascribed to the existence of special sub- 
stances which were different from matter, though measurable. 
Gradually, however, attention was directed to the fact that 
motion could be converted into heat and heat into motion. 
It was then discovered that quantity of heat could be measured 
in terms of motion, the energy of the corresponding motion 
being a measure of the quantity of heat. The principle of the 
conservation of energy, which was previously known to hold 
for mechanical phenomena, was thus extended to thermal 
phenomena and then to all physical phenomena. The natural 
inference was made that all physical phenomena are modes 
of motion, though in many cases these motions could not be 
directly observed. The fact that some of the motions can not 
be directly observed makes it convenient that the measure of 
quantity of motion should be independent of its direction, 
the simplest such measure being the energy of the motion. 
Further, it has to be recognized that all these motions are not 
necessarily motions of matter, the term matter being now 
restricted to that which possesses molecular structure. Motions 
of other kinds which may not be capable of being represented 
by moving points must be contemplated, and the idea of mass 
must not be associated with these motions as this idea involves 
the possibility of representing them by moving points. In order 
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then to apply dynamical methods to all physical phenomena 
the laws of dynamics must be expressed in terms of that 
measure of the quantity of motion which is termed energy and 
in a form independent of the idea of mass, these laws not being 
inconsistent with the laws of motion of material bodies. Now 
these conditions are fulfilled by that form of the Lagrangian 
method which is usually known as the principle of Least Action 
■and which expresses the fact that the system moves so as to 
expend as mach energy as it can. The object of discovery in 
any case is the Lagrangian function and this function has to be 
constructed from the results of experience. The presence of 
motions other than those which can be represented by moving 
points being contemplated, there may be degrees of freedom 
which cannot be specified by the coordinates of moving points, 
and the coeflBcients of the squares of the velocities corresponding 
to these coordinates in the Lagrangian function must be deter- 
mined from the results of experience just as has been done in 
the case of the coefficients of the squares of the velocities of 
the moving points which represent the motions of material 
bodies. On this view all forces are to be regarded as forces of 
motion, motion being the change underlying all the changes 
which constitute physical phenomena. This being so, it seems 
natural to inquire whether the Lagrangian functions which are 
■constructed from the results of experience can be derived from 
the Lagrangian function which would involve all the degrees 
of freedom belonging to the motions which constitute physical 
phenomena and not those only which are directly observed. 
This is what has been done in Chapter v. above, where the 
forms of the modified Lagrangian function which arise from the 
elimination of a number of the coordinates specifying degrees 
of freedom have been discussed and where, in particular, it has 
been shewn that the modified Lagrangian function, which 
occurs in a great number of cases in the form of the difference 
of two functions — one a homogeneous quadratic function of 
the time rates of variation of the coordinates which specify the 
observed degrees of freedom and the other a function of these 
coordinates — arises from the original Lagrangian function when 
the latter involves the coordinates specifying the unobserved or 
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concealed degrees of freedom in a particular way, and that the 
function occurring in the modified Lagrangian function which 
does not involve time rates of variation of the coordinates 
specifjdng observed degrees of freedom and usually termed the 
potential energy is the energy of the concealed motiona Now 
the addition to the Lagrangian function of a constant or of a 
linear function of the time rates of variation of the coordinates 
in evidence in it, the coefficients in this linear function being 
constants, does not alter the equations of motion; thus the 
presence of degrees of freedom which are involved in this 
manner in the Lagrangian function does not aCFect the motions 
corresponding to the other degrees of freedom. Further, if 
there are degrees of freedom whose coordinates are involved in 
the Lagrangian function in such a way that it differs from the 
Lagrangian function, which would exist if they were absent^ by 
the addition of parts which are (1) approximately a constant 
and (2) a linear function of the velocities belonging to the other 
degrees of freedom, the coefficients in this function being ap- 
proximately constant for the range throughout which the motions 
belonging to these latter degrees of freedom are being considered, 
these motions will not be appreciably altered. 

Thus, in the case of the motion of material bodies, the 
equations of motion will be approximately the same whether 
the motions be measured relatively to a body -4, or to a body B 
which has a small motion relatively to A, provided that the 
time for which the motions are being considered is sufficiently 
short. The laws of motion of material bodies were first arrived 
at from observation of moving bodies in the immediate vicinity 
of some place on the earth's surface, the motions being 
measured relatively to this place. When motions of bodies 
near the earth's surface, these motions lasting a considerable 
time as in the case of bodies falling from a great height, were 
made the subject of observation, it was found to be convenient, 
in order to obtain a simple representation of the motions, to 
measure the motions relatively to axes supposed to be drawn 
through the centre of the earth, one of them being the axis 
about which the earth rotates relatively to the stars and the 
other two fixed in direction relatively to the stars. 
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Similarly in the case of the motions of the planets it was 
found convenient to measure the motions relatively to axes 
supposed drawn through the sun and fixed in direction relatively 
to the stars. If the first class of motions be measured relatively 
to the axes supposed drawn through the centre of the earth in 
the second case, the resulting motion relatively to the axes first 
drawn will be approximately the same, and similarly, if the 
motions of both these classes be measured relatively to the axes 
drawn through the sun in the third case, the resulting motions 
relatively to the sets of axes first chosen in the respective cases 
will be approximately the same, the diflferences in the several 
cases being experimentally inappreciable. 

In every case of the motion of material bodies the laws of 
motion must be the same, and if the natural assumption, that 
of Newton, be made, that the force between any two material 
bodies depends only on their relative position, there will be 
a set of bodies, possibly imaginary, there being no body not 
included in the set which possesses only a uniform motion of 
translation relatively to the set, such that if motions are 
measured relatively to them, the laws of motion will be 
accurately true, whilst they will only be approximately true if 
the motions be measured relatively to any other body not 
included in the set. In the case of motions generally there 
will be a body, possibly imaginary, such that if all motions be 
supposed to be measured relatively to it the laws of dynamics 
will be accurately true, while they are only approximately true 
when the motions are measured relatively to any other body. 
In the theory of electrodynamics Faraday's laws were first 
arrived at from observation of circuits conveying electric 
currents, the positions and motions of these circuits being 
measured relatively to the place on the earth's surface at which 
the observations were being made, and, when Maxwell inves- 
tigates the state of affairs in the intervening medium by 
exploring it by means of the secondary circuit, this circuit is in 
each position it occupies supposed to be fixed relatively to the 
place of observation. When the propagation of electrical efifects 
across distances comparable with those of Astronomy comes to 
be discussed, the motions are measured relatively to the axes of 
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reference of Astronomical investigations, and the secondary 
circuit, of exploration must now in each position it occupies be 
supposed to be fixed relatively to these axes. The laws of 
electrodynamics arrived at from the previous experiences are 
assumed to be still true, an assumption justified by observation, 
and if the motions in these previous experiences be measured 
relatively to the Astronomical axes the differences between the 
results so obtained and those previously obtained are so small 
as to be incapable of detection by these observations. There 
will then in the case of electrodjmamics be some body such 
that, if all motions be measured relatively to it, the laws of 
electrodynamics will be accurately true, and this case diflfers 
from that of mechanics, inasmuch as the laws of electro- 
dynamics would not be accurately true if the motions were 
measured relatively to a body which had a uniform motion of 
translation relatively to the body of reference. What is to be 
understood by the term " axes fixed in space '* is a set of axes 
which are such that if all motions were measured relatively to - 
them the laws of electrodynamics would be accurately true. In 
the comparison of theory and experiment the set of axes to be 
used instead of those of theory is that set which is most 
convenient and the use of which will lead to a sufficiently 
accurate representation of the phenomena under discussion. 
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CONTINUOUS MEDIA. 



A CONTINUOUS medium may be defined as being a medium, 
which is such that in any region of space occupied by it no 
point can be found which is not also in the medium. The 
idea of continuity present in this definition is identical with 
that of the geometrical continuity of space. Rigid bodies and 
elastic solids, liquids and compressible fluids have, in order to 
subject them to mathematical treatment, been identified with 
continuous media, and it is important to inquire what the 
process known as " treating them as continuous " is equivalent 
to, so as to find out how far the mathematical treatment, which 
is applicable to them, can be applied to a continuous medium 
such as the aether must be postulated to be. When the 
motions of some specified physical body are mathematically 
investigated, this body must be replaced in imagination by 
some object which can be completely defined. It is usual to 
assert that all material media possess atomic or molecular 
structure, and this being assumed to be so, it is first necessary 
to try to state in what way a molecule or atom can be repre« 
sented so as to be capable of mathematical treatment. A 
molecule or an atom may be regarded as having a certain 
quantity of energy associated with it, this energy being ex- 
pressed in terms of a number of coordinates which are such 
that all possible variations of the energy can be taken account 
of by varying these coordinates. A complete representation 
of this kind has still to be obtained, but it Would appear that 
in a large number of cases of motions of material bodies the 
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following representation is suflSciently accurate. The position 
of the molecule or atom in space at any time may be supposed 
to be identified with that of some point whose coordinates 
are x, y, z, the axes of reference being the fixed axes of 
theoretical dynamics. The energy associated with the molecule 
or atom may be supposed to consist of three parts, a part 
depending on the velocity of the point which determines the 
position of the molecule or atom and which is \m {u^ + 1;* 4- ^), 
where u, v, w are the component velocities of the point and m 
is a mass coefficient, a part which is a function of x, y, z and 
of the coordinates of the points which determine the positions 
of any other molecules or atonds which may be present, and a 
part which is a function of other coordinates not in evidence ; 
this latter part must be supposed to be invariable as must also 
the coefficients of the second part, it being conceivable that 
these coefficients may be functions of the other coordinates 
which are not in evidence. 

A material medium may be regarded as an aggregate of 
molecules or atoms, and the mathematical theory of such 
material media can then be developed from the following 
assumptions : — 

The matter which occupies any finite volume of space is 
regarded as being constituted by an aggregate of molecules. 

The motion of each molecule can be represented by that 
of a moving point. 

The efifect of all other motions, whether they are motions 
of the molecules which cannot be represented by moving points 
or motions which do not belong to molecules, can be represented 
by a potential energy function or by a system of forces associated 
with each molecule, this function or system of forces depending 
only on the positions of the molecules ; and this includes the 
case in which the efifect of these other motions, instead of being 
immediately represented by a system of forces associated with 
each molecule, is ^represented by restrictions on the possible 
motions of the molecules. 
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* 

The Lagrangian method is applicable to the motions of the 
system. 

The kinetic energy of a molecule is then represented by 
^m(u^-\-i^'{'.vj^\ where u, v, w are the component velocities of 
the point whose motion represents the motion of the molecule, 
and m is the mass belonging to the molecule. The kinetic 

energy of the aggregate is represented by 2 imn(wn*+ ^n^+^n*), 

where the suflSx n identifies a particular molecule and the 
summation extends to all the molecules, there being N of them. 
Similarly, the potential energy of the aggregate is represented 

by S rrinVny or the work done by the systems of forces, which 

represent the effect of the other motions, is 

n=l 

for small arbitrary displacements of the molecules. The 
application of the Lagrangian method will then lead to 
SN equations involving in addition to the SN coordinates, 
which specify the positions of the molecules, as many un- 
determined multipliers as there are relations specifying 
restrictions on the possible motions of the molecules, and these 
undetermined multipliers specify the systems of forces which 
are equivalent to the restrictions on the possible motions of the 
molecules. When these 3N equations, the equations restricting 
the motions of the molecules being taken into account, have 
been solved, the positions and motions of the molecules at any 
time are expressed in terms of their positions and motions at a 
particular time, and the coi!nplete history of the motions can be 
traced. In general the number of dependent variables occurring 
in any one of the equations will be great, and the solution of 
the equations will be practically impossible, but, if the equations 
form a set of groups such that the number of dependent 
variables occurring in the equations of a group is equal to the 
number of equations in the group, and this number is not too 
large, the solution of the equations becomes more possible, 
the simplest case being that in which the groups are exactly 

M. E. w. 10 
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• 

alike. The most important case is that in which the discrete 
analysis sketched above can be replaced by a continuous 
analysis. If a surface be drawn enclosing a simply-connected 
space in which there is a number of molecules, the ratio of the 
mass of the molecules inside this surface to the volume enclosed 
by it may be termed the average density of the aggregate of 
molecules inside the surface. Now let such a surface surround- 
ing the point be contracted so that the volume enclosed by it 
is diminished, the average density inside the surface will tend 
towards a limit ^-so long as the least linear dimension of the 
volume enclosed is not less than a certain length depending on 
the distance between two adjacent molecules, but will after- 
wards depart altogether from that limit*. This limit p may be 
termed the density at the point 0, and will be a function of the 
position of 0, such that JJJp dxdydz taken throughout any 
volume differs from the sum of the masses of the molecules in 
that volume by a mass which is less than some standard small 
mass. By an exactly similar process of reasoning it may be 

shewn that the expression 2 \mn {u^^ + Vr? + Wf^) for the kinetic 

n=l 

ene rgy may be replaced by the expression 

HShp (^* + v^ + «(;*) dxdydz, 

where the integral is taken throughout the volume occupied by 
the aggregate of molecules, this integral differing from the sum 
by a quantity which is less than some standard small kinetic 
energy. These remarks also apply to the potential energy 
function or the systems of forces associated with the molecules, 
which represent the effect of all the other motions which may 
exist. In the discrete analysis the suffixes n serve to identity 
the molecules. In order then that the equations of motion 
obtained by the application of the Lagrangian method in the 
continuous analysis may legitimately replace the equations of 
motion in the discrete analysis, the assumption must be made 
that throughout its motion any point a?, y, z is always identified 
with the same bit of matter, and, when the system under 
consideration is being regarded as an aggregate of molecules, 

* The limit is not actually attained. 
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this requires the following condition to be satisfied. If a surface 
be drawn passing through a number of points which specify the 
positions of molecules, and this surface move with the molecules, 
no molecule which is initially on one side of this surface ever 
comes to be on the other side of it. This may be expressed by 
saying that the order of arrangement of the molecules does 
not change. When the above conditions are satisfied, the 
Lagrangian method can be applied, and in this way a group 
of equations is derived, this group being typical of all the 
equations of motion of the molecules. The media for which 
the Lagrangian function is of the kind specified above, and to 
which the operations of mathematical analysis are applicable, 
will then consist of aggregates of molecules, for which the order 
of the arrangement of the molecules does not change, and 
which are such that the distance between any two adjacent 
molecules is very small. 

The "rigid body" of mathematical theory satisfies all the 
above conditions, for the distance between any two molecules 
of the aggregate which constitutes the body is assumed to 
be invariable, and therefore the order of arrangement of the 
molecules does not change. When the aggregate of molecules 
is such that the distance between any two neighbouring 
molecules can vary, but only to a small extent, and the 
distance between any two adjacent molecules is very small, 
the aggregate constitutes what is termed an "elastic solid." 
When the system of forces or the potential energy function 
associated with each molecule is known, it being assumed 
that the order of arrangement of the molecules does not alter, 
the Lagrangian method can be applied, and the resulting 
equations will determine the history of the changes which 
take place. The system of forces or the potential energy 
function associated with each molecule will consist of two parts, 
of these one is determined by the changes in the distances 
between the molecules, the other must be supposed to be given 
as in the case of the rigid body. The first object of discovery 
is then the system of forces or the potential energy function 
associated with each molecule, which arises from the change in 
the distances between the molecules. Two methods of eflFecting 

10—2 
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this have been proposed. The first of these, due to Navier 
and developed by Poisson, Cauchy and St Venant, consists in 
assuming that the eflFect of the molecules on each other can be 
represented by forces between them, the force between any two 
depending only on their distance apart, and the direction of 
this force being that of the line jpining them. The processes 
by which the stresses are then expressed in terms of the strains 
involve the assumptions that the order of arrangement of the 
molecules does not change and that the constitution of a 
molecule remains the same, that is, that during the displace- 
ments the molecules are not broken up and then formed into 
new molecules. These stresses possess a work function, and, 
when the medium is isotropic, this function involves only one 
constant. The other method of obtaining the stresses is due to 
Green and consists in assuming that the stresses possess a work 
function, this function being expressible in terms of the strains. 
The application of the Lagrangian method then leads to 
equations which are sufficient for the determination of all the 
circumstances. of the changes which take place; but in order 
that the work function should be of the form assumed and that 
the Lagrangian method should be applicable, it is necessary to 
assume that the order of arrangement of the molecules does not 
change and that the molecules do not break up during the 
displacements. When the medium is isotropic. Green's work 
function involves two constants, and the distinction between 
his theory and that of Navier is that on Green*s theory the 
intermolecular forces cannot be represented by forces between 
pairs of molecules, the magnitude of the force between a pair 
depending only on the distance between them. It would appear 
from the investigations of Chapter viii. above that, if inter- 
molecular forces be assumed to be of electrical origin, the 
force which represents the eflFect of a molecule on any other 
molecule is not necessarily a function of the distance between 
the two, but the forces, from the way in which they are derived^ 
would possess a work function, so that a work function of the 
form assumed by Green is possible. The question, whether 
Navier's theory or Green's furnishes the best representation of 
the phenomena, has been much discussed, and attempts have 
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been made to decide the question by an appeal to experiment, 
but the evidence from statical experiments cannot be accepted 
for a reason which will appear later. One of the strongest 
arguments in favour of Green's form of the work function is 
that it is the most general one, which permits of the applica- 
tion of the methods of mathematical analysis, and is such that 
the parts of the medium are in a state of relative rest when 
there is no external system of forces. 

In the above the idea, that a molecule is itself composite, 
has been introduced, and it is important to inquire what the re- 
strictions are under which the aggregates of atoms, each molecule 
being now thought of as consisting of an aggregate of atoms, 
can, in the application of the methods of mathematical analysis, 
be replaced by the aggregate of molecules. If each one of the 
atoms in the aggregate of atoms which constitutes any molecule 
is describing an orbit, which is periodic relative to some point 
X, y, z, this point defining the position of the molecule relative 
to the other molecules, the position of any atom at any time is 
specified by the coordinates a; + f , y -h t;, ^r + f. The equations 
of motion of the whole system will then be contained in the 
variational equation 

S2m(aj + ^) 8^4- ... + ... 4- 22m (^ + f) S^ + ... + ... 

= 22mXSaj+ ... -h ... +22mHSf -h ...-h... , 

where m is the mass of an atom, and the summations are taken 
for all tlie atoms in each molecule and then for all the molecules. 
If from these equations all the coordinates a?, y, z be eliminated, 
there will result equations from which the diflferences f i — f 2> 
Vi — V2> ?i"-?2» of the coordinates f, t;, f can be determined. 
The integrals of these equations, the orbits of the atoms, relative 
to the points specified by the coordinates x, y, z, being all 
periodic, will be of the form 

fi-f2 = 2^,cosf-^ + a,j; 

whence it may be assumed that 

f=2f, cos f-^+aJ. 



/ 
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Npw the coordinates x, y, z can always be chosen so that 
they do not involve parts which are periodic in any of the 
periods T,, and when the above expressions for f, i;, f are 
supposed to be substituted in the variational equation, it will 
take the form 

^Mxix-^- ... + ... =2JlfX'Sic+ ... + ... , 

where M is the mass belonging to a molecule. In this equation 
X\ Y\ Z' will represent the systems of forces associated with 
each molecule, provided that neither the part of them, which 
arises from intermolecular action, nor the part, which does not 
arise from such action, involves a term which is periodic in 
any of the periods T^, The aggregates of atoms can therefore, 
in the application to them of the methods of mathematical 
analysis, be replaced by the aggregate of molecules when the 
following conditions are satisfied. 

Each atom in a molecule describes an orbit which, relative 
to some point defining the position of the molecule to which it 
belongs, is periodic*, and the system of forces associated with 
each molecule, which does not arise from action between the 
molecules, does not contain a part which is periodic in any 
of the periods belonging to the orbits of the atoms. Further, 
when these conditions are satisfied, the part of the inter- 
molecular forces, which is efiective in respect of the positions 
of the molecules, is the part which is independent of the 
periods belonging to the orbits of the atoms. 

When forces, which represent the effect of moving* systems 
other than the aggregates of atoms, act on the atoms, the course 
of events can be represented as follows; if no part of these 
external forces is periodic in any of the periods of the orbits of 
the atoms, they are equilibrated by the motional forces of the 
molecules and the part of the intermolecular forces which is not 
periodic in any of the periods of the orbits of the atoms. Their 
effect, in the first instance, will be to change the relative 
distances of the molecules; this change produces a change in 
the part of the intermolecular forces which is periodic in the 
periods of the orbits of the atoms, and to balance this the 

* Such an orbit is not necessarily closed. 
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dimensions of the orbits of the atoms are changed. The extent 
to which the dimensions of the orbits of the atoms can be 
changed is limited by the condition that the displaced orbits 
must be stable, and the changes in the orbits of all the atoms 
belonging to a molecule will be related in such a way that there 
is no radiation of energy from it. 

When there are external forces which^are periodic in the 
periods of the orbits of the atoms, an analysis which only takes 
account of an aggregate of atoms will not be applicable; a finer 
analysis, which shall take account of the atoms whose orbits 
have among their periods the periods of the external forces, 
must be used. 

Again, the external forces may be such that an analysis 
which takes account of each molecule is unnecessary, and a 
coarser analysis which only takes account of compound mole- 
cules, each compound molecule being made up of a number of 
molecules, is sufficient. 

In every case the range, throughout which the continuous 
analysis will be applicable, is determined by the conditions that 
the units, whose motions are taken into account, whether these 
units are compound molecules, molecules, or atoms, do not change 
their order of arrangement, and that, if they are composite, they 
do not break up. The work done by the external forces is all 
accounted for by the changes in the positions an(J in the motions 
of the units, and therefore a continuous analysis is only strictly 
applicable to an aggregate of molecules or atoms, when the 
changes which take place are such that no energy is gained or 
lost in the form of heat or any other form which is not taken 
account of by the changes in the positions and motions of the 
molecules or atoms. 

The possibility of applying continuous analysis to an elastic 
solid therefore requires that the changes which take place in it 
shall take place adiabatically. When the elastic solid is 
executing small vibratory motions, this is probably true, and 
in this case continuous analysis can be applied to it. When 
an elastic solid passes from one state of strain to another by the 
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application of external forces, the changes taking place in such 
a way that a continuous analysis is applicable, the intrinsic 
energy of the molecules will be altered, and, if there are no 
other influences present, the temperature of the body will be 
different in the two states. In any actual case the body 
is surrounded by some other medium, and the initial state 
of the body is one of equilibrium relative to its surroundings ; 
the state arrived at after the changes have taken place adia- 
batically will not be one of equilibrium relative to its surround- 
ings, to attain a state of equilibrium a transference of energy 
will take place between the body and the surrounding medium. 
This transference of energy, supposed to take place in such 
a way that a continuous analysis is still applicable, ought to be 
taken account of in the equations which give the history of the 
changes, and the result would be the introduction into these 
equations of a system of forces which would represent the effect 
of the surrounding medium. For example, when the Young's 
modulus of any material is determined by stretching a wire 
made of this material by a weight attached to it, the work done 
by the weight is not all used up in stretching the wire, some of 
it is used in altering the condition of the surrounding medium, 
and therefore the Young's modulus of the material so determined 
will differ from the true one. 

When an aggregate of molecules is such that the molecules 
can move freely and the distance between any two adjacent 
molecules is very small, the aggregate forms what is termed 
a fluid. As in the case of an elastic solid a continuous 
analysis will only be applicable when the molecules move in 
such a way that their order of arrangement does not alter and 
no energy is gained or lost in the form of heat. Since the order 
of arrangement of the molecules does not alter, the same mole- 
cules will always be at the boundary, no molecule which is not 
originally at the boundary will ever come there, and no molecule 
which is originally at the boundary will ever cease to be there. 
Further, if at a definite time to a certain number of molecules 
occupy an element of volume at the point x^.y^yZQ, this point 
defining, for the purposes of continuous analysis, the position of 
these molecules, the same molecules will at a time t occupy an 
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element of volume at the point x, y, z, where this point defines 

the position of the same molecules at the time t, and therefore, 

the mass belonging to the molecules being unalterable, the 

relation 

d(x,y,z) ^ 

will be satisfied at each point of the space occupied by the 
fluid. This relation expresses the correspondence which exists 
between the spaces occupied by the fluid at two diflferent times, 
in consequence of the restriction on the possible motions of the 
molecules. If the forces which represent the effect of other 
systems on the aggregate of molecules possess a work function, 
the Lagraugian function of the motions will have the form 

J!J[\p{^-^f-\'^)-pV]dxdydz, 

For a liquid p = po, />© being a constant for a homogeneous liquid 
and a known function of Xq, y^y Zq, for a heterogeneous liquid. 
The relation, which expresses the restriction on the possible 
motions of the molecules of the liquid, is 

d (x, y, z) ^^ 
d(xo,yoyZo) 

and the application of the Lagrangian method gives 

8p jjj[^p{x^ + f + z')^pV]dxdydzdt = 0, 

subject to the above relation, that is 

a (x, y, z) 



PJjj^isPo{d^ + f + i')-poV'\-'c 



dx^dy^dz^dt = 0, 



where k is an undetermined function of x, y, z. 
This is equivalent to 

. dxodyodzodt = 0, 
that is, 

III pxBxdxdydzl +1 li lKSxd8dt + ... + ... 
— I |//P^ + P'^ + ^ hxdxdydzdt-^- ... + ... =0. 
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The quadruple and the triple integrals must separately 
vanish ; that the quadruple integrals may vanish, the equations 

''^ + ''9^ + 3^ = ^' 

-J. 3^^ 3* ft 

must be satisfied throughout the space occupied by the liquid 
at any time, and the equations which result from the vanishing 
of the triple integrals give the dynamical conditions satisfied 
at the boundary at any time, the form of these conditions 
depending on the nature of the boundary. The function k 
which occurs in these equations represents the internal system 
of forces which arises from the restrictions on the motions of 
the molecules and is known as the pressure. There are two 
kinds of possible motions of a liquid ; the motions which can be 
generated by external conservative forces, and the motions which 
cannot be so generated. In the first of these the motion is 
what is termed irrotational and in the second rotational or vortex 
motion; The possibility of applying continuous analysis to 
the motions of a liquid involves the result that vortex motion 
is always associated with the same molecules. Further, every 
motion of a liquid due to external causes can be represented as 
the effect of a vortex sheet, whose surface is the boundary of 
the liquid to which the continuous analysis is applicable. The 
representation can also be effected in terms of other distributions 
of vortex motion external to the liquid; for example, when a 
portion of the liquid is in a state of motion which is not 
necessarily capable of being treated by a continuous analysis, 
the effect of this portion on the remainder of the liquid, 
supposed to be moving in such a way that a continuous analysis 
is applicable to it, can be represented by a distribution of 
vorticity throughout the first portion, but it cannot be thence 
inferred that this vortex motion constitutes a geometrical 
representation of what is going on in this first portion of the 
liquid. When an actual liquid is in contact with an actual 
solid, in passing from the solid to the liquid a transition is made 
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from a place where the molecules are, relatively to each other, 
approximately immobile, to a place where the molecules 
approximate to a condition of perfect mobility. The nature 
of the forces which hold the molecules together will therefore, 
throughout a certain space in the neighbourhood of the surface 
of the solid, change their character ; in the solid they will be 
of a nature similar to that of the internal forces in the 
theoretical elastic solid, and in the liquid, at some distance 
from the surface, they will be capable of being represented by 
a pressure; in the portion of the liquid in the immediate 
neighbourhood of the solid they cannot be so represented. 
The continuous analysis which is applicable to the motions of 
the theoretical liquid cannot be applied to this portion, but the 
effect of the solid and of this portion of the liquid on the portion 
of the liquid to which the continuous analysis can be applied, 
can be represented as being due to a vortex sheet whose surface 
is the boundary of that portion of the liquid to which the 
analysis is not applicable. If this surface can be taken so near 
to the solid that the distance of any point in it from the surface 
of the solid is so small as to be negligible, the condition 
to be satisfied at the surface of the solid will be that 
the velocities of the solid and of the liquid normal to this 
surface are continuous. When a solid is moving through a 
liquid such as water, which may be taken to be perfectly mobile, 
the portion of the liquid in the neighbourhood of the solid, 
throughout which the internal forces cannot be represented by 
a pressure, will be bounded by a surface very near to the solid, 
provided the velocity of the solid relative to the liquid at some 
distance from it is not too great ; therefore a sufficiently good 
representation of the motion will be obtained by taking the 
above condition to be that which is satisfied at the boundary of 
the solid, and this representation will be consistent with the 
fact that no slipping takes place at the surface of the solid, 
the transition from the solid to the liquid being supposed 
to take place in a thin layer whose thickhess is negligible. 
When one liquid is in contact with another, there will be a 
transition layer throughout which the internal forces cannot 
be represented by a pressure ; as in the previous case, provided 
the velocity of the one liquid relative to the other is not too 
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great, this transition layer can be taken to be very thin, 
and its eflfect can be represented by supposing a vortex sheet 
to coincide with the surface of separation of the liquids. The 
motions of jets and of heterogeneous liquids belong to this class. 
In a liquid the condition, that the same molecules always 
occupy an element of volume of the same size, determines the 
nature of the internal constraint, that it can be represented by 
a pressure. In a fluid this condition does not hold ; the relation 

only expresses the fact that the distribution of the molecules 
is always such that the distance between any two adjacent 
molecules is very small and that the total number of molecules 
is unalterable; the nature of the internal forces cannot be 
determined from this relation. It has to be assumed that the 
internal forces in a fluid are of the same kind as in a liquid, 
and that they can be represented by a pressure, the existence 
of internal forces in the nature of shearing stresses being 
incompatible with the idea of perfect mobility. This assumption 
having been made, it is further necessary, in order that the 
transformation of the function 

///[iP (^ + y' + i') - P ^ + '^l dxdydz 
from the space occupied by the fluid at time t to the space 
occupied by it at time to 6an be performed, that k should be a 
function of p only. When this further condition is satisfied, 
the variation can be performed, and the equations of motion 
are the same as in the case of a liquid, so that the statements 
made above concerning the motions of liquids apply equally to 
the motions of fluids. Just as in the case of the elastic solid, 
the application of continuous analysis to obtain the equations 
of motion involves the assumption that the changes which 
take place in the fluid take place adiabatically. Thus, it being 
assumed that a continuous analysis can be applied to determine 
the circumstances of the propagation of waves of sound, the 
law connecting pressure and density must be taken to be the 
adiabatic law. 

When a mass of fluid is in motion, the course of events 
may be such that the fluid, supposed initially to occupy a 
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space bounded by one closed surface, tends to divide itself 
into two separate portions, each occupying a space bounded 
by a closed surface. It is at once clear that a continuous 
analysis cannot be applied to trace the history of the changes 
that take place while the fluid passes from the state in which 
it consists of one portion, to the state in which it consists of 
two portions, as during the transition the distances between some 
pairs of previously adjacent molecules will become sensible. The 
mathematical functions, which express the circumstances of the 
motion, will become discontinuous as the instant of separation 
is approached, and will thus determine the limits up to which 
a continuous analysis can be applied, but it is probable that 
the analysis ceases to be applicable some time before this limit 
is reached, owing to change in the order of arrangement of the 
molecules. A somewhat similar state of affairs exists when 
plane waves of condensation and rarefaction, the amplitude of 
these waves being finite, are being propagated  through an 
elastic fluid. The mathematical expressions which, in this 
case, specify the course of events can be obtained. If u denote 
the velocity and y the position of a molecule of the fluid at 
time ty the relation is 

where 7 is the ratio of the specific heats of the fluid and a is 
the velocity of propagation of waves of small amplitude. From 
this it appears that, as the wave advances, the condensation in 
one part of the wave and the rarefaction in another part of the 
wave increase without limit ; the above expression will there- 
fore cease to represent what is going on in an actual fluid some 
time before the expression becomes discontinuous, either because 
the distance between adjacent molecules in the rarefied part of 
the fluid has become sensible, or because the law connecting 
pressure and density no longer represents the internal changes, 
whichever of the two should first happen. 

r 

From the above discussion of material media it would 
appear that the process known as " treating them as continu- 
ous" is one of approximation, the limits of accuracy of the 
approximation depending on the distances between adjacent 
pairs of molecules ; and the comparison of the results of obser- 
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vation and theory shews that, within limits, the treatment gives 
sufficiently accurate results. If, instead of being regarded as a 
method of approximation suitable for the treatment of material 
media, the above analysis be regarded as representing the 
changes which take place in a truly continuous medium the 
assumption is involved that the notion of mass can be trans- 
ferred from a material medium to a truly continuous medium ; 
but, as associated with a truly continuous medium, this notion 
involves the actual attainment of the limit p for the " density at 
a point " (cf. p. 146, supra) and it further involves the assumption 
of the existence at each point of a vector u, v, w in terms of 
which the kinetic energy of the continuous medium can be 
represented by an expression of the form 

!H\p (w' + «^ + vJ^) dxdydz. 

A continuous medium which is such that its kinetic energy can 
be represented in this way is not of the most general type of 
continuous medium conceivable. To distinguish it from other 
possible continuous media such a medium may be said to 
possess atomic structure. It has been seen that, when a 
material medium is in motion subject to the laws of dynamics, 
the condition that the medium should continue to exist as 
a medium to which continuous analysis can be applied 
requires restrictions to be placed on the possible motions. 
These restrictions have to be provided for by the existence of 
internal forces in the medium, such internal forces not being 
forces of motion of the medium. The question then naturally 
arises, what is the origin of these internal forces ? Two answers 
can be given to this question, that these internal forces are 
inherent in the medium, or that they are due to the motions 
of some other medium which occupies the same space. The 
statement, that the internal forces are inherent in the medium, 
is equivalent to the statement that their origin is unknown. 
There remains then the hypothesis that the internal forces of 
a material medium are due to the motions of some other medium 
which occupies the same space. In view of the fact that ex- 
perience of physical changes is confined to the comparison of 
motions it would seem natural to expect that the energy of the 
ultimate medium is all kinetic energy, but a continuous medium 
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which possesses atomic structure cannot, in virtue of its own 
motions, produce any effect on the motions of a material medium 
occupying the same space, for such media, so far as their motions 
are concerned, are dynamically independent systems. 

It follows therefore that, if the internal forces of a material 
medium are due to the presence of another medium in the 
same space, this other medium is not a continuous medium 
possessing atomic structure, that is, its kinetic energy is not 
expressible in the form jjj\p{u^'\-v'^-\-vf)dxdydz. It must 
therefore be a continuous medium of a different type. That a 
continuous medium may exist which is capable of providing 
the necessary internal forces in a material medium which is 
imbedded in it would appear to follow from geometrical con- 
siderations, for a continuous medium can be imagined which is 
such that there is no point in it which is not affected by a 
change taking place at any other point in it. The laws of 
motion of such a medium, if they were known, would be 
expressed geometrically, and, in order to submit the circum- 
stances of the motions to calculation, it may be assumed that, 
although these laws are not known, the motions possess a 
Lagrangian function, this function being a homogeneous 
quadratic function of the time rates of variation of all the 
coordinates which are necessary for the specification of the 
geometrical changes which can take place in any small volume. 
It need not be assumed that this Lagrangian function com- 
pletely represents the motions of the aether; it is suflScient 
to assume that it represents the effects of the motions of 
the aether so feir as they affect the motions of arithmetically 
continuous media. This is the assumption that has been 
made in Chapter v. as to the Lagrangian function of the 
motions of the aether, and it has been shewn there that the 
modified Lagrangian function, which is arrived at in the 
Faraday-Maxwell theory of the electrical behaviour of the 
aether and which involves only those coordinates whose changes 
are associated with electrical effects in material media, is con- 
sistent with this assumption. This modified Lagrangian function 
is the analytical representation of Faraday's laws, and in it 
the axes of reference of the motions are those axes for which 
Faraday's laws are accurately true. 



I " ll TE " _" r ' •" ! r l| illiT Tl ^ |||j | j|l_^-._-_- JM^I.__II "^^MMM^^ 



APPENDIX C. 

THE ELECTRODYNAMICS OF MOVING MEDIA. 

In Chapter Ii. the equations of electrodynamics were 
obtained directly from Faraday's laws, and these equations 
involved a certain vector Fy G, jET, which was there obtained 
in terms of the convection currents. It was remarked that 
this vector jP, 0, H diftered from Maxwell's electrokinetic 
momentum by a vector whose components are the differential 
coefficients of a scalar function. Maxwell's electrokinetic mo- 
mentum is defined as the vector whose components F^ (?, H are 
double the coefficients of the current strength in the expression 
for the electrical energy. The application of the Lagrangian 
method will therefore give equations which will determine 
Fy Oy H uniquely and the result will put in evidence the 
difference between the F, 0, H which are the components of 
the electrokinetic momentum and the jP, Q^ H of Chapter II. 
The Lagrangian function of the motions of the system, which 
consists of the aether and moving electric charges, is 

iimF{f^'u) + 0{g-\-v)-^H{h + w)--Xf^7g^ZK\dxdydz 

where F, (?, H are the components of the electrokinetic 
momentum, X, F, Z are the components of the electric force, 
/, g, h are the components of the aethereal electric displace- 
ment, u, V, w are the components of the convection current at 
the point oo, y, z, and L is the part of the Lagrangian function 
which is independent of /, g, h, the axes of reference being 
those for which Faraday's laws are accurately true. In this 
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expression the coordinates which specify degrees of freedom 
are the coordinates /, g, h belonging to the aether and the 
coordinates x, y, z which at any instant of time define the 
positions of the moving charges. In order that it may be 
possible to apply the methods of continuous analysis, the 
moving charges must be supposed to be replaced by a distri- 
bution of volume-density p at the point a?, y, z, such that p 
and its diflferential coefficients are finite and continuous every- 
where, and it will appear later how, after the equations, which 
determine the history of the changes, have been integrated, a 
transition can be made from the distribution p to the isolated 
charges. The relations between the other quantities, which 
occur in the Lagrangian function, and the coordinates are 

(Z, F,Z) = 47rF»(/,5r,A) (1), 



(a, A 7) = 



\dy dz' dz dx' dx dyj "'^^' 



(%v,w) = p(x,y,z) (4), 

where a, /3, 7 are the components of the magnetic force and V 

is a constant. Further /, g, h are not independent, but are 

subject to the relation 

^f dg dh^ 

dx dy dz ^ ^ ^' 

The application of the Lagrangian method gives the equation 

-'Xf-Yg-Zh](JLx!dydzdt-\'8L = (6), 

subject to the relation (6), and, introducing the undetermined 
multiplier ^, which must be a function of x, y, z only and inde- 
pendent of the time, this becomes 

(Si + s,) f ]'///[* i^^-^^ «) + (? (^ + f) + ir(A + w) 

+ sj:i=o (6'), 

M. B. IT. 11 
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where Si refers to variations of the coordinates/, gr, A, and Sj to 
variations of the coordinates x, y, z belonging to the moving 
charges. The variations S^ will give the equations belonging to 
the aether and the variations 8^ the equations belonging to the 
motions of the moving chargea Taking these separately, the 
part which gives the equations to be satisfied in the aether is, 
remembering the relations (1), (2), (3), 

f '' [ljri?/+ (^^ + BBh - XSf- TSg - ZBh 



*W^'^^f]h^^^-0' 



that is, integrating by parts, 



jjj I ' {FBf-^ OBg + mh) dxdydz 

+ 1 \\ <t> (Bfdydz + Bgdzdx + hhdxdy) dt 

+ (z + ^^ + ^^^ Bh\ dxdydzdt = 0. 
The expression 

/// I *' ^^^-^"^ ^^^ "^ "^^^^ dxdydz 

vanishes identically on account of the conditions under which 
the variations are performed. The remaining triple integral 
and the quadruple integral must separately vanish. The con- 
dition, that the triple integral 



I \\<f> (Bfdydz + Bgdzdx + Bh dxdy) dt 



should vanish, requires that ^ should be continuous everywhere 
and vanish at the infinitely distant boundary. The c^,ondition, 
that the quadruple integral should vanish, requires ^that the 
equations 
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> 



(7). 



>/ 



should be satisfied at every point. 

The equations of motion of the moving charges are 
given by 

8, f ''///[* ^^^•^■*' «) + Q' (^ + ") + ^(^ + «')} 

+ "^{1 + 1 + 1 "41 '^'^^''^'^^^"^* 

where the coordinates which are now varied are the coordinates 
which define the moving charges. In order to effect the 
variation, the integrals must be transformed to an integral 
taken throughout the same space at each instant, and the 
space may be chosen to be that occupied by the moving 
charges at the time ^o* Writing 

. Bf = sJ ' jjj^[F(f'{-u)-\-0(g + v) + H(fi-{-w)]dxdydzdi/ 

and effecting the transformation, this becomes 

Syjr = 8, pfffh [F(J+u)+0 (g+v) + H{h+w)] ^ dx,dy,dz,dt, 

where osq, y^, Zq at the time t^ are the coordinates of the point 
belonging to a moving charge which, at the time t, occupies the 
position X, y, z, and po is the corresponding volume-density, it 
being remembered that the total charge is unalterable. Now 
F, 0, H are linear in / + m, g^ + v, A + w, and therefore, performing 
the variation, 



h^ = f '7//[^^^ + ^^y + ^^^ -^ (^ E + y 



•^^ + i^^U. 



dx 



dxj 



^(.dF ^ .dG 



dy dy 






. po dx^dy^dzf^dtt 
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where i^, 0, H must now be regarded as assuming the succession 
of values they take as the point x, y, z moves through the 
aether, not the succession of values they take at a fixed point. 
Integrating by parts with respect to the time, this becomes 

S^ = Iff I ' {Fhx + GBy + HSz] p,da!,dy,dz, 

. /SO .dF .dO .dH\^ 



. /SH .dF .dG .BE 

^Ku-'^Yz-ydi-'^ 



\iz po dx^dyodzQclt, 



where the sjrmbol ^ is used to indicate that the time rates of 

variation of F, G, H are to be calculated on the understanding 
that they assume the succession of values specified above. 
Now in the equations (7) F, (?, H are regarded as assuming a 
succession of values at a fixed point, and, as it is by means of 
these equations that F, 0, H have to be determined, it is 
convenient to regard F, G, H as expressed in this way 
throughout. On this understanding 

&F dF .dF  .dF .dF^ ^ 
-dt'^^'^'d-^-^y^^'d-z >'^'' 
and therefore 



SF .dF .dG -.dH dF . ^._ , 

Tt-'^di-yTx-'di^dt-y"^'^' ^^■' 



hence 



Byjt=: III [FBx + GSy + HBz] po dx^dy^dz^ 

+ {-^ -d)/3 + yaj Sz p^ da^Qdyodz^dL 



Lagrange, Micanique Analytique, Srd edition, ii. p. 26^$. 
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The triple integral vanishes on account of the conditions under 
which the variations are performed, and therefore 

+ f -^T — *y8 + ya) 8z p dxdydzdt. 
Again, writing 

and transforming to the space, occupied by the charges at the 
time ^0) it becomes 



that is 



I ^(^>^>^) , d{x,y,Bz) l ^ ^^ ^^ 

it being remembered that /, g, h are independent of the 
coordinates defining the positions of the moving charges. 
Denoting by S%i, Sx%, ^x* ^^® parts of this expression which 
involve hx, Sy, Bz respectively, 

d(zo,Xo)dyo d{xo,yo)dzoj 

which, integrating by parts and transforming to the space 
occupied by the moving charges at the time t, becomes 



166 
Hence 



THE ELECTBODTNAMICS OF MOVING MEDIA [APP. C. 



^X ~ ; / 1 ^ [Bxdydz + iydzdx + tzdxdy] pdt 

where the triple integral vanishes on account of the conditionfi 
which have already been found for ^, and therefore 



Writing 
there results 



L^SjfL'dxdydz, 



and therefore the equations of motion for the moving charges 

are 

dtdL'\ dL' fdF . .. dib\ ^ 

d (dL'\ dL' ^ (dG . ^ . ^ 8^\ ^ 1 ,fi, 



Writing 



dfdL'\ dL' fdH .^^. d<f>\ . 






dx' 



V, dG ^. . d<f> 
dt ^ '^ ^ dz' 



> 



(9). 



X', T', Z' are termed the components of the electric force acting 
on an element of the moving charge, and the equations (8) 
become 



d(dI/\_dI/_ y, > 
dt\dx) Bx'f'^' 

d (dL'\ _dL_ y, 
dt\dy) ay*'' ' 

d(dL'\ dL' _ _, 

dt\di)~ dz~^^' ' 



(8'). 
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Before proceeding with the discussion of these equations, it 
is convenient to obtain, by means of the equations (1), (2), (3), 
(5) and (7), expressions for F, 6r, H and the related quantities 
in terms of the distribution of the moving charges. It follows 
from equations (2) and (3) that 



. /i X d fdF dG dH\ a»F d'F 



dy ' dz J da? 9y« 9^ ' 

with two similar equations, that is, writing 

j^dF^dO dH 
dx dy dz ' 

3* 9* 9' 

4flr(/+M) = ^-V'i?', etc. 
Again, from (1) and (7), 

that is, remembering that ^ is independent of the time, 

^irVi ^, etc., 

and therefore 

The solutions* of these equations are 

ox dy oz 

* See § 15 above. 
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where 

r being the distance of the point a?, y, z from the point a?i, yi, z^, 
and Wi, Vi, Wi denoting the values of w, v, w at the point a?i, yi, ^r^ 
at the time t — r/V; further x satisfies the equation 

Now, writing 

„ dF' ^ dG' , dH' 



that is 



hence 
J 






tor X — = — 5 — and t/, v, t^ are continuous. 

The unalterability of the total charge gives the relation 

^II ^^-^ JL.^ ^^ A.^^ ^^El A.^^ ^ Q 

dt dxi dx dyi dy dzi dz * 

where pi denotes the value of p at the point a?i, yi, z^ at the 
time t — rlV, therefore 

J' = -jjj-^ dx^dyidzi. 

Hence 

and therefore 



'i-y-jjl'^d^^dy^d... 
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where />' denotes the volume-density of that part of the 
distribution of electric charge which depends on the time, that 
is the part of the distribution which is moving. It follows from 
equations (1), (5) and (7) that 

O T 

that is 



whence 






>...(10), 



Writing p — p' = p", this being the volume-density of the 
part of the distribution of electric charge which does not 
move, ^ is given by 

The components of the electric force are therefore given by 
and the components of the magnetic force by 

Proceeding now to the discussion of special cases of moving 
distributions, the first case to be considered is that in which an 
electrical distribution is moving with a uniform velocity v in 
a given direction. Choosing this direction as the axis of x, the 

* Of. Levi-Civita, II Nuovo CimeiUo, S. 4, t. vi. 1897. 



> 



(11).* 
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coordinates of any point of the moving distribution at the time 
t will be Xi, yi, Zi, where 

a?i = «?o+v^, yi=yo, -»i='8^o, 

^o> J/oi ^0 denoting the coordinates of the same point at the time 
from which t is measured. 

In this case p' is zero and the expressions to be evaluated 
are 

jjj'^,dx,'dy^'dz,'. jjj^dx,'di,,'dz,'. jjj'^dx.'dy^'dz,'. 

jjj^dx'dy^dz,'. 

where 

/» = (^ - x,y + (y - y/)> + (^ - z,y, 

and Vfi, Vj, Wi, pi denote the values of u, v, w, p at the point 
^\ yif ^1 at the time t — r'/V, this being the point of the dis- 
tribution which was at the point ^o> yo* ^o initially. Then 



that is 



'i=^Xo + y (t-yj, yi' = yo, -^i' = ^o, 



,_ v/ ,_ 



Now v = 0,w = 0, therefore 

jjj ^i dx,'dy,'dz/ - 0. Ill ^' da;.' dy/d^/ - 0, 

and the remaining two integrals have now to be transformed 
so that they are expressed in terms of the positions of the 
distribution at the time t Writing /c = v/F, / is given by 

r'^ = (x-x, + Kry+(y--y,y-\-(z-^z^y, 
whence 

where 
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The element of volume dx^dy^dz^ is that which was 
occupied at times t — r'jV by the distribution which now 
occupies the element dx^dyidz^, these times being diiferent 
for different points of the distribution ; heuce 

Vridxi dvi dzi = pv ^ V ¥ dwidvidz.. 



Now 



dxi dxi * 



hence 



that is 



dxi 
dxi 



therefore 
Further, 



i[l-^(^-^')] = l, 
3^ ""iiV(l -'«')* 









3a?i z ^ Zi 
dzi " r' 

3V 



= 0, 



therefore 
Hence 



9yi 



3^/ 

3^1 



= 1; 



3(a?i, ^1,-3^1) J2V(1-^')* 



Writing 






and substituting in equations (10) and (11), the components of 
the electric and magnetic forces are given by 

X = _v?2t-F«^ Y--V*^ Z=-V*^^ 
dt dx' ' ~ dy' dz' 



J^SBBBBOm 
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that is, remembering that 

x-F.(i-«.)g, y-y%. ^.-V'^...(ny. 

«-»■ '5 = '^. 1 — ^% <!'). 

where -^ satisfies the diflFerential equation 

<>-'')^+^-^**'^-« <'*)•• 

The case of a charged conductor moving through the aether 
with a uniform velocity can be deduced from the above. The 
electrical distribution must now be supposed to be the limit of 
a distribution throughout a thin layer over the surface of the 
conductor, this distribution being such that p and its first 
diiFerential coefficients tend to zero at the boundary of this 
layer. The components of the electric and magnetic forces at 
any point external to the conductor will then be given by 
equations (12) and (13), and will vanish at an internal point, 
where -^ now satisfies the diflferential equation 

throughout the external space and is constant over the bounding 
surface of the conductor. 

A simple example is that of a charged conducting sphere of 
radius a moving with uniform velocity v through the aether. 
In this case yjr is given by 

ilr = — loff coth -ZL , 

where 

af^ sech^ i; + (1 - #c*) (y« + £:») cosech* 17 = /r'a^ 

and E is the charge on the sphere. The surface density of the 
distribution over the surface of the sphere is uniform. 

* Lorentz, Vertuch einer iheorie der electriachen und optUehen erscheinungen 
in hewegten k^rperUt § ^t Leiden 1895. Lannor, PhU. Trans, A, 1897; Aether 
and Matter, oh. iz., 1900. 
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The next case to be considered is that in which the 
electrical distribution moves in such a way that any point 
of it describes an orbit which is periodic with reference to 
some fixed point and whose dimensions are very small. The 
coordinates of any point of the distribution at the time t will 
b® ^1 + ?j yi + 17, Zi + f, where Xi, yi, Zi are the coordinates of 
the point about which it describes a small periodic orbit, and 
the expressions to be evaluated will be 

where 

and fi, %, ?i, Wi, Vi, Wj, pi are the values of f, rj, f, u, v, Wy p at 
the time t-rJV. Now, if f=/(0, then f,=/(^ -r^/r), 
that is 

where 

and writing 

r=/(«-f),etc., 

r^r' — Ft, 
it follows that 

fi=r+iv, ^i=v+^v, ?,=r+t'T, 

it being assumed that (|/X)", etc. are negligible where |, etc. 
denote the maximum amplitudes corresponding to a period for 
which the wave length in the aether is \. To the same order 
of magnitude 

3(1,^,?) " T^3fi »"a^i ^%' 
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that is 

3 (f, V^ S^ dy dz ' 

and therefore, to this order of magnitude, 

///^«,..«,=/f/^(i-|--^-|)w?. 

///:-<<fA«-///^(i-|-|-|)Wf, 

where, on the right-hand side, fi, 171, fi, |i, 171, 5i» ^1, Pi now 
denote the values of f, 1;, f, f, 17, ^, r, /a corresponding to the 

time ^ — ^ . The expressions for the components of the 

electric and magnetic forces are then obtained by substituting 
the above expressions in the equations (10) and (11). 

The electrical distribution in the above investigation has 
been assumed to be such that the equations (10) and (11) are 
applicable. Now the validity of the processes involved in the 
investigation, by means of which these equations were arrived 
at, is secured, provided the distribution is such that p and its 
first diflferential coefficients are everywhere continuous. The 
transition from a volume distribution to a distribution of 
isolated electric charges can then be effected in the following 
way. Let P be a point at which there is an electric charge e, 
and let a closed surface be drawn enclosing P and no other 
point at which there is an electric charge, which is always 
possible as the charges are isolated. Then throughout the 
volume enclosed by this surface there may be supposed to be a 
distribution of volume-density p, which is such that p and its 
first differential coefficients are continuous, tend to zero as the 
bounding surfece is approached, and vanish at every point on 
it, and which is such that jjjpdxdydz^e. The distribution 



mm 



ES"«^ ^" *_r  
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arrived at, when this has been done for each one of the charges, 
is such that the preceding investigations are applicable to it, 
and the results obtained will hold however small the volumes 
enclosed by these surfaces may be chosen to be, provided that 
throughout them p can be chosen so as to satisfy the conditions 
specified above. The electric and magnetic forces due to a 
distribution of isolated electric charges may therefore be taken 
to be those given by equations (10) and (11), when the integrals 
on the right-hand side are replaced by the sums of the limits 
of those integrals taken throughout the small volumes, these 
volumes being supposed to be ultimately evanescent, the limits 
being proceeded to on the supposition, that p and its first 
diiFerential coefficients are continuous throughout any one of 
these small volumes, vanish at their boundaries, and that 
JJJpdxdi/dz = e, 

The electric and magnetic forces diie to a number of electric 
charges, each of which is describing, with respect to some fixed 
point which is not necessarily the same for different charges, a 
periodic orbit of small linear dimensions, can be obtained from 
the preceding results by evaluating the limit of the integrals 

Now it appears from § 48 that the amount of the energy 
radiated from the distribution depends only on those parts of 
electric and magnetic forces which, at a great distance, are of 
the order 1/r; hence, no part which can contribute to the 
radiation being omitted, the previous integrals are given by 
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Therefore, proceeding to the limit, the values of the electric 
and magnetic forces, so far as radiation from the distribution 
is concerned, may be written 

\dai' r ^dxdy r "^dxdz^ r]~d1? r' 

\fiydx r dy^ r dyoz r ] dt^ r 

[dzdx r dzdy r dz^ r } dt^ r ' 

a = — 2 ^^' - ^X — 
dydt r dzdt r ' 

g ^ J!_ x^Ji 91. 2 ^ 

dzdt r dxdt r ' 

' dxdt r dydt ^ r * 

where fi, i/j, fi now denote the values of f, »;, f at the time 
t^r/V, and 

Thus a number of electric charges, moving in the manner 
specified above, are, in respect of the radiation from them, 
equivalent to a number of small Hertzian oscillators. Further, 
if it be assumed that the dimensions of the orbit are so small 
that I* etc. can be neglected in comparison with the square of 
any length considered, an assumption which is reasonable so far 
as the applications in view are concerned, the values of the 
electric and magnetic forces due to the distribution of moving 
charges are given by 

dt'^ r dx' ^ ~ dt"^ r "^ dy' 

'-i^'^-^^ <>')■ 

" ~ dydt r dzdt r ' '^ dzdt r dxdt r ' 

d' ^evi 9* -,e|i ,.^, 



APP. C] THE ELECTRODYNAMICS OF MOVING MEDIA 177 

where r^ = (a: - a?i)" + (y — y^y + {z~ z^ and f i , 171, ?i denote the 

V 

values of f , 1;, f at the time ^ — tt-- ^ 

Taking now the case where there are a number of electric 
charges, each of which is describing, with respect to some 
point 0, a periodic orbit of small linear dimensions, and where 
the points are all moving with the same uniform velocity v 
in a given direction, which may be taken to be that of the axis 
of X, this distribution may be replaced by a volume distribution 
of the kind spTfcified above. Denoting by x^^ y,, z^ the co- 
ordinates of one of the points at the time ty by a?/, y^, z^ 
the coordinates of the same point at the time t — rJV, by 
^1 + f > ^1 + ^» -^1 + ? *^^ coordinates at the time ^ of a point of 
the distribution which is describing, with respect to the point 

^vyi>^i> ^ small periodic orbit, and by ^/ + fi, y^-^-Vv -^i + Si 
the coordinates of the same point at the time t — rJV, where 

r.» = (a: - ^,' - f .)' + (y - y. - v;f H^-z- 0\ 

X, y, z being the coordinates of any other point, the integrals 
on the right-hand side of the equations (10) and (11) which, in 
this case, have to be evaluated are 



///^ ^^^^<^^^' II j^ di:dr,;d^:, 



in which p/, |/, ^/, f ' denote the values of p, |, ^, 5 at the 
point ^/ + f,, yi + ^i, -3^1 + ?i at the time t — rJV, d^^dr^^dl^^ 
denotes the element of volume at that point and a?/ = v. 
Transforming these integrals so that the element of volume 
d^idr)id^i at the point a?i'+fi, yi + Vi> Zi + ^i is replaced by 
the element of volume d^idrj^d^i at the point a?i + fi, yi + Vi» 
Zi -h fi *, the Jacobian of the transformation is by a previous 
investigation given by rjlti ^(1 — /«*), in which fc = v/F and 

i^l^=(^~^-fOV(l-■^)+(y-yl-%)'+(^-'^l-"?l)^ 

* The transfonnation is equivalent to sabstitnting for the fixed axes of 
reference a set of axes fixed relatively to the moving points 0. 

M. E. W. 12 
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and the above integrals become 



Now 



JBi 



fC 



"■' ~ v(i - *>) "^ in? (^ - ^1 - fi), 

hence, /(t) denoting some function of t, 



f t-^)=f\t- 



-Bi 



«(«-«,- ^i) 



VJ' 



V) ~-> X rv(i - «») F(i - i««) ] ' 

that is, neglecting /e* and higher powers of k, 
f{t - ^) =/(« - ^) - f (a: - .. - ^0/ (« - ^) 

which may be written 

Then fi, %, 5i denoting the vahies of ^, ^, f at the time 
t — Ri/V, the integral 

and, since /o and its first differential coefficients vanish at the 
boundaries of the small volumes occupied by the distribution 
which replaces the charges, the second and third integrals on 
the right-hand side vanish, and therefore 



APP. C] THE ELECTRODYNAMICS OF MOVING MEDIA 179 

If, as in the previous case, it he assumed that, I denoting the 
linear dimensions of an orbit, Z* is negligible in comparison with 
the square of any length considered, the integrals iovolved 
become 

'^{1->^)JJ]Ir dx R dy R dz Rj'^^'^^^^' 
where now 

iJ» = (a; - w,y/(l -^)+(y- y,y + (z- z,y, 

and fi, iji, Ci, fi, i7i, & denote the values of ^, ^, 5, f, 77, f, when 
t — RjV is written for t Then writing 

^ dx dy dz * 

the component of the electric force ill the dii'ection of the axis 
of X is given by 

which is equivalent to 

in which ^ is supposed to operate on fi, 171, ?i only but not now 

on oDi. Similarly evaluating the other components, the com- 
ponents of the electric and magnetic forces are given by 



^ = -'^r' + v^^i4-v|-F«(l-..')i(«^-x).l 



dt' dxdt dt ^ 'dx 

at' ^ dxdt dy^^ ^'' 

at" ^ 8a;a< a^''^ ^'' 



y...(i7), 



12—2 
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a = 



/3 = 



9*f, 9V« 



dydt 



dzdt' 



dzdt dxdt dz 



+ V5;(<A-X). 






(18). 



Returning to equations (8'), integrating them throughout 
the small volume occupied by the distribution which is supposed 
to replace a moving charge, and proceeding to the limit, the 
equations of motion of the moving charge are 

dt\dx) dx~^^* 

~dt\dy) 3y"^^' 

d(dL\_dL_ 
dt\dz) dz^^ ' 

where L is that part of the Lagrangian function which involves 
only the coordinates that specify the degrees of freedom of the 
moving charges. The part of L which involves the time 
rates of variation of these coordinates will be of the form 
2 Jm (i?^ + y* + z% where m is a mass coeflScient, these motions 
being capable of being represented by moving points; the 
remaining part of L represents the effects other than electrical 
of the aether on the moving charges, and the equations of 
motion are therefore 

my = F,+eF,l (19), 

mz^Z^Jf eZ\] 

where X^, Fj, Zi represent the non-electrical forces and 
X\ Y\ Z' are given by equations (9). 

When the charges are supposed to be arranged in perma* 
nent groups, each group being such that there is no radiation 
of energy away from it, the method of Appendix B* can 



p. 149. 
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be applied to obtain the equations of motion of a group. 
From the result obtained there it follows that, if x, y, z are 
now coordinates which specify the position of a group, the 
equations of motion of the group are 

My =Y, + Y,} (20), 

Mz= Z^ + Z, 

where ilf=2m, Xi, Yj, Zi represent the non-electrical forces 
and X, Y, Z the electrical forces acting on the group, and 
Xi, Yi, Zi, X, Y, Z will be such that no part of them is 
periodic in any of the periods of the orbits of the charges. 
Hence, in calculating X, Y, Z from the known expressions for 
the electric forces acting on a single charge, only those terms 
which are not periodic in the periods of the orbits of the 
charges need be taken account of, and the conditions of per- 
manence of the group can be obtained from the relations 
which have to be satisfied in order that the periodic terms 
should vanish. 

Taking first the case of moving charges describing orbits of 

small linear dimensions about fixed points, the equations (20) 

become 

Xi + X = 0,^ 

Yi-f Y = 0,l (21). 

Z,4.Z=0,J 

Assuming that radiation is wholly an electrical effect, the 
components X,, Fi, Zi of the non-electrical forces acting on a 
single charge will contain terms which are periodic in time and 
have periods depending on the periods of the orbits of the charges, 
and therefore, in effecting the summations XeX\ SeF', 2eZ' for 
the group, the periodic terms must disappear. 

Now X' = X -h 177 — ^)8, 

Z' = Z + ^fi-7ia, 

where |, ^, ^ are the velocities of the charge, and X, Y, Z, o, /5, y 
are the components of the electric and magnetic forces at the 
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point occupied by the charge, therefore the periodic terms 
which occur arise from terms of the type f, f^ 17?, ..., |, ^\ vt* 
..., and the conditions that the periodic terms should disappear 
from l,eX\ 2eF', l^eZ' are such that the non-periodic terms 
which involve the dimensions of the orbits also disappear. 
Hence, if P, Q, R denote the components of the force of 
electrical origin which one permanent group exerts on another, 
and 

P^P.-^-P,, Q^Q^ + Q,, R^R, + R,, 

where Pg, Oa> -^2 are the parts of P, Q, R which involve the 
dimensions of the orbits, the forces SPa, SQa, SPj which all the 
other groups exert on any one group vanish, and the equations 
(21) become 

X,+ 2P, = 0,1 

Y,+ S(2i = 0,l (22). 

The forces Pi, d, Pi, being those which are independent of 
the dimensions of the orbits, are given by 



Pi^-SeF^S-,^ 

ox r 

oy r 



} (23), 



oz r I 

in which the first 2 refers to the group which is being con- 
sidered, the second 2 to any other group, and r denotes the 
distance AB, where A is one of the fixed points about which a 
charge belonging to the first group is describing its orbit and B 
is such a point belonging to the second group. When there is 
no free electricity, the condition 2e = will be satisfied for each 
group, and the forces Pi, Qi, Pi are of the order V^e^d^jr^, where 
r is the distance between two groups and d is a length 
depending on the distances between the orbits of the same 
group. When there is free electricity the forces on a group for 
which 2e is not zero are those of electrostatic theory. In every 
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case the forces Pa, Qa, -^2^ are of the order F'e^PdyX'r*, where 
{ is a length depending on the dimensions of an orbit and X is 
the wave length in the aether corresponding to a period in the 
orbit ; thus the forces Pg, Qa» -R2 are small compared with the 
forces Pi, Qi, R^*, 

It appears from the preceding that, when the groups and 
the distances between the orbits in the groups are arranged 
so that the forces Pi, Qi, Ri form with the non -electrical forces 
an equilibrating system, the orbital motions will arrange them- 
selves 80 that the forces Pa, Qa* ^ form an equilibrating 
system, as 2Pa, 2Qa, XiJa vanish when the conditions of 
permanence of the groups are satisfied. Hence, in investi- 
gating the law of distribution of the groups, it is sufficient 
to consider the forces Pi, Qi, jBj and the non-electrical forces. 
If now it be assumed that the non-electrical forces f are such 
that they are not sensible at insensible distances, which is 
equivalent to assuming that the inter-atomic forces are wholly 
electrical, the forces Pi, Qi, Ri will form an equilibrating 
system when there is no free electricity, and if, when there 
is free electricity, P/, Q/, Ri\ denote the parts of Pi, Qi, Pj 
which remain after the removal of the forces belonging to the 
free electricity, the forces P/, Q/, P/ will form an equilibrating 
system. Therefore, when this assumption is made, a knowledge 
of the forces Pi, Qi, Pi will suffice for the determination of the 
law of distribution of the groups. 

Considering now the- case where the points, about which 
the charges are describing their orbits, are all moving with 
a uniform velocity v in the direction of the axis of x, the 
equations (20) become, since v is constant, 

Xi-hX = 0, 
Yi-hY = 0, 
Zi + Z = 0, 

the same equations as in the previous case. The same argu- 
ments will apply as in that case, and the law of distribution 

 Cf. §§ 63, 64. 

t The force of gravitation satisfies the condition. 
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of the groups can be determined from a knowledge of the 
forces Pj, Qi, iJi. By a preceding investigation* the values 
of Pi, Qi, iZi for this case are given by 



A = -2eF.(l-^)^-2^^^^^ 



Q, — 2eF»^2 



,\ 



(24). 



where k=v/V, and 

ie» = (a: - x^yiil - *») + (y - y,y + (z- z,y, 

X, y, z being the coordinates of the point about which a charge 
in the first group is describing its orbit and a^i, y„ ^i a similar 
point for the second group. Writing 

the equations (24) become 



dx' BWil-K')' 



Q, teV'^X-s; 



€ 



dy B'>J(\-i^)' 



R^^-'teV^l-t^ '' 



where 



dz^ R^/{l--l^y 



and putting Pj = P/ Vl — /c^ it being remembered that 
x=-x' *J{\ — 1^), these equations become 



P/ = -2«F*:|^,2w ^' 



dx' R -v/(l - -f") ' 



Q. = -SeF«|:2„, *' 



dy BWil-ic'V 



i2. = -2«F^-2™ * 



az ^ iz' V(i - «•) ' J 



.(25). 



p. 177. 
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Now the equations (25) give the values of P/, Qi, JJi which 
belong to a distribution, in which the points about which the 
orbits are being described are at rest ; therefore, if this system 
is in equilibrium, the groups which form the system to which 
the equations (24) belong will also be in a state of relative 
equilibrium. Hence the relation between the configuration 
of the groups, vhen moving with a uniform velocity v, and, 
when they are at rest is given by the equation x = x' \/(l — /c*), 
where k — v/V; that is, the material medium, which consists 
of these groups, is contracted in the direction of its motion in 

theratio V(l-vVt^'):lt• 
In the investigation it has been assumed that there is no 
electric charge which is migrating freely among the groups, 
so that the result will not necessarily apply to the case of 
a material medium in which there are electric currents. It 
may be shewn by similar reasoning that the result holds for 
a material medium in which there are no electric currents, 
when waves due to external causes are being propagated 
through it, provided none of the periods of these waves are 
the same as those belonging to the orbits of the charges which 
form the groups. The medium would then, if electrically 
isotropic when at rest, not be so when in motion, the specific 
inductive capacity of the medium in the direction of the 
motion being altered by an amount depending on ^ and 
higher powers of /c] and to obtain the effect of the motion 
of a material medium on the velocity of propagation of waves 
through it, when /c^ is not negligible, this alteration would have 
to be taken into account. 

* This result has been obtained for the case of charges moving with a 
aniform velocity by Lorentz and Larmor. 
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DIFFRACTION. 



When electric waves are incident on any body, other waves 
due to the presence of the body are set up, and to determine 
completely the superposed system of waves it would be necessary 
to know the distribution of electric charges which constitute 
the body; the motion would then be expressed in terms of 
coordinates specifying the degrees of freedom of these electric 
charges and the electrical degrees of freedom of the aether. 
In the treatment of any class of cases it is convenient to suppose 
that the eflfects of the motions of the electric charges can be 
expressed in terms of a smaller number of coordinates, or be 
represented by kinematical conditions. In the case where the 
body is ti*ansparent these effects are suitably represented by two 
coordinates for each point of the body, these coordinates being 
specified by a vector ^i, gi, Ai, which satisfies the relation 

doD dy ^dz 

at every point of the body ; this vector is termed the material 
electric displacement. In the case of bodies which are not 
transparent this representation is not suitable, but two limiting 
cases can be recognized, which will furnish a clue to the effect 
on the waves of any such body. The first extreme supposition 
is that the electric charges at the surface of the body move 
in such a way that waves of the same kind and of the same 
amount are radiated out from them as are incident on the 
surface of the body, so that no part of the energy of the waves 



«« 



APP. D.] DIFFRACTION 187 

in the medium is absorbed by the body ; this is the case in 
which the body is a perfect conductor. The other extreme 
supposition is that all the energy of the waves incident on 
the body is absorbed by it. 

The problem of the diflFraction of waves by a transparent 
body has been solved for the case of a circular cylinder* and 
for that of a sphere f, the velocity of radiation in the body 
differing by a finite amount from that in the surrounding 
medium. The problem has been solved for the general case, 
when the difference between the velocities of radiation is very 
small J. The problem of the diffraction of waves by a perfectly 
conducting body has been solved for the case of a circular 
cylinder§, a sphere||, and an indefinitely thin wedge in the 
form of a semi-infinite planelT. When the body is perfectly 
absorbing the problem can always be solved. One of the most 
important cases is that in which the diffracting body consists 
of a plane screen with an aperture in it. This case has been 
treated in detail by Stokes** and by Lorenz f f, who have assumed 
that the secondary or diffracted waves depend only on the 
disturbance over the aperture; this assumption is equivalent 
to assuming that the screen is a perfect absorber. If the 
problem could be solved for a perfectly conducting screen, the 
comparison of the two results would shew in what respect 
either representation is ineffective and possibly give information 
as to where improvement might be made. The problem has so 
far only been solved for the case of the semi-infinite plane, and 
its importance makes it desirable to have a solution as direct 
and simple as possible. The application of the methods used 
in the ninth chapter of this essay leads directly and easily to 

• Lord Bayleigh, PhiL Mag, xii. 1881. 

t Lorenz, Vidensk, Selsk. Skr. Copenhagen, 1890. 

X Lord Bayleigh, Lc. 

§ J. J. Thomson, Recent Researches in Electricity and Magnetism^ p. 428. 
1893. 

II J. J. Thomson, Lc* p. 437. 

IT Poincar6, Acta Mathematical Vol. xvi. 1892-3, Vol. xx. 1897. Sommerfeld, 
Math, Ann, Vol. xLvn. 1896. 

*» Camb, Phil, Trans, Vol. ix. 1849. 

+t Pogg. Ann, cxi. 1860 ; Crelle, lviii. 1861. 
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the solution of a more general case, viz. that in which the 
diffracting body is a wedge of any angle. 

Let the edge of the wedge be chosen as the axis of z, and 
let r, z, 6 be cylindrical coordinates of a point so that the faces 
of the wedge are given by ^ = 0, ^ = a, and the space occupied 
by it is that between tf = a and 6 = 2-^. Taking first the case in 
which the electric force is parallel to the edge of the wedge, the 
differential equation satisfied by Z at all points at which there 
are no sources is 

that is, for waves of wave length 27r/it, 

07^ r or r^ 00^ 

For waves of the kind considered the sources can be represented 
by lines of discontinuity of electric force parallel to the axis of 
z and at points on such a line Z will satisfy the differential 
equation 

d'Z idz 1 d'Z ,^ „ ^ ,^, 

a^^-^ra^^ + ^a^-^'^^-^^^^^^ (^> 

The condition to be satisfied at the surface of the wedge is that 
Z vanishes when ^ = and when = a, The solution of (2) is 
therefore 

^ 2. xj . mr0 

Z=liJ„sin— — , 
1 a 

where n has all positive integral values and Rn is a function of 
r to be determined from the relation 

whence R^ satisfies the equation 

91«.» + 1 ^ + (,. _ ^) ij„ + l!r f V sin '^d^ ^ 0. . ..(3). 
ar* r ar V aV*/ a Jo « 

It is sufficient to consider the case in which there is a single 
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line of sources determined by r = ri, ^ = ^i; the solution of (3) 
is given by 

Rn = An J^JL (fcr), 

a 

when r<ri, for Rn must be finite when r = 0, and by 

Rn = Bn{J^!^(Kr)-'e * t7«!r(/cr)}, 

a A 

when r >ri, for iZ^ cannot involve e^**, there being no reflexion 
at the infinitely distant boundary. Hence 

Z = 2 An J^ (/cr) sin , 

X a OC * 

when r <ri, and 

Z=l, Bn {«/L??5 ('w) — 6 * /»»!!: («r)} sin — , 

la a Ci 

when r>ri; now both these series will converge and be 
identical, when r = ri, except when = 01, in which case they 
will diverge ; therefore 



An J^. (fcvi) = Bn {t/_^ (/c^i) — e * Jwr (#cri)}, 

a a a 

and the solution can be written 

* ^^ . n7r0 
Z = XCn JnE (/cr) {Jj^ (fcTi) — e • Jan (fcTi)] siu 

1 a a a CI 

when r<ri, and 

00 «w«i 



Z = 2 Cn J»![ (^cTi) {t7_«!r (/cr) — « * Jn^ (^y.)J sin 



n'n-0 



I a a a OL 

when r >ri. It appears at once, as in § 60, by considering the 
case where a = 7r which corresponds to reflexion at a plane 
surface, that Cn is independent of ^, and it is therefore sufficient 
to determine Cn for the case in which /c = 0. In this case the 
problem to be solved is the electrostatic one of a line charge 
influencing a conducting wedge, and the potential due to a 
line charge of strength m is known to be 

2ir 2ir ir 

r " + ri " - 2 (rri)» cos - (^ + 0i) 






iir Sir V 

r^ + ri"* - 2 (rri)« cos - (^ - 0^) 
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Therefore, when ^ = 0, 

nir 

Z = 2m 2 — - sm sm , 

1 n \rj a a 

when r<ri, and 

njr 

Z = 2ryi S - — sin sm , 

\n\r I a a 

when r > Tj , whence 

a a a n \Ti/ d 

that is 

lUr nv nir 

Cn ^ ' ^> = — - sin , 



and therefore 



^ 27rm TT . WTrft 

sm — 
a 

Hence, when there is a line of electric discontinuity of strength 
m at r = rj, ^ = ^1, the electric force is given by 



t Jnn (fcr) [J nr^iicr;) - e * /„„ {icr^)] 



a 1 — ^ ^ ' — '. nir' 



a 

. sin sin 

a a 

when r < ri, and by 



Z= — — 2 Jntr (^n) {•/ nn (fCr) - ^ * J^^ (/cr)} 



* " * sm — 



, sin — — sm 



when r>ri. Now 



TT 



Vn^ (fCr) [J nn{lCr^) - e « Jnir (^l)} 



sm — 



a 



=-/ 



t_^K«(r«+ri«) /^SrrA dt 

P.% 2t /«_ — 



C-ooi a ^ ^ 

Proc. Lond, Math, Soc, Vol. xxxn. p. 166, 1900. 
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where c is a real positive quantity, therefore 



Z=-' 2/ 62 

Ot 1 J C-QOt 

for all values of r. Again 






1"' 

nir I 



— Sin sin 



t J t 



a 



r /A:VrA 1 [«^^'' !^rriL+l) ds 



where the real parts of xe^*/^, ooev'*/^ are negative, whence, 
writing s==e~^^, where ^=^+ir), 



-tK t / 27rJoot 



1 r*'+y' 5!rnco8i+^' 



e ^ 



+y 



d?, 



where 27r > 7 > tt, > 7 > - <:-, and therefore 



^ 1 J c—<x>iJ oot+y t 



. sm sin 



that is 



a 






M^"-^'--' 






sin—? 
a 



cos ^- cos -(d- ft) 



sin—? 
a 



cos 



V~eosJ(^ + ^Oj 



d?, 



where the path of integration lies wholly in the upper half of 
the f plane. Changing the order of integration and using the 
known result 



J c—aoi t 



Proc. Lond, Math, Soc. Vol. xxx. p. 167, 1899. 
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^^mt r'^-^j^^ j^^ ^(^ ^ ^, _ 2rri cos f )} 



Sin -^ 
«L 



COS — — COS - (^ — Oi) 
OL a 



sm 



a 



cos ^ — COS - (^ + ^i) 



df. 



When a is an integral submultiple of tt, a = 7r/w, this 
is equivalent to 



in 



n 



Z^ra'l K, \lk J\r^ + n' - 2rr^ cos (0-0i- ^^^ 

- m 2 £^0 U^ V r "*" ^'' "" ^^' ^^^ (^ + ^1 + 

which, .remembering that the effect of a line of electric dis- 
continuity of strength m in an unbounded space is mKQ{iKR\ 
where -B is the distance of any point from this line, is the 
result which would be arrived at by the method of imagfes. 
When a is an integral multiple of tt, the above expression be- 
comes identical with that given by Sommerfeld* for this case. 

The solution in the case of plane waves can be obtained 
from this by making r^ indefinitely great. The value to which 
Kq [lk ^(r^ + Vi^ — 27Ti cos f)} tends is 



iri 



- — Mcri+Mcrcos^ 
64 *; 



\/(27r/cri) 

hence, corresponding to plane waves incident in the direction 0^ 
and in which the electric force is given by e'«»'cos(«-fl,)^ ^j^^ 

solution for the space bounded by the planes 5 = 0, 5 = a is 



2aJ 001 



ooi+y' 



ikvcobC 



+y 



. TT? 

sm— ? 
a 



cos — — COS - (5 -- ^i) 
OL OL 



Sin — ^ 
a 



COS — — cos - (5 + ^i) 
a a ^ ^ 



d?, 



where 27r > 7 > tt, > 7' > — tt. 

• Z.C. p. 187. 



I 

I 
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When a = 27r, the wedge becomes a semi-infinite plane and 
the above expression for Z becomes 

•ooi+y' 

+y 

~T f r^' 

cos I - COS J (^ - ^i) ^ cos I - COS ^ {d-\-0M 

The integrals can now be transformed as follows : writing 



47r j oot 



47rJ 001 



oot+y 2 

■^^ cos|-cosH^-^i) 



and putting cos | = ^ cos ^{0— d^), 



/ -- L ^«r<J08(d-tfi) i * g2iicroo8«H«-tfi)««-l) _ 



d!^ 



27r^ j,,^ «-r 

where, if cos J (^ — ^i) is positive, 

^0 = — C — 00 fc, ^1 = C + 00 4, 

the path of integration cutting the real axis in the t plane to 
the right of the point < = 1, and, if cos^(^ — ^i) is negative, 

the path of integration cutting the real axis in the t plane to 
the left of the origin. Hence, deforming the path so that 
it becomes the imaginary axis in the t plane, 

27r J _oet t—1' 

when cos ^{0- 6,) is positive, and 



/--_Lgticrcos(tf-tfi) I ** g2ticrcosH(«-«i)(^-l) 



27r /_„. ^-1' 



when cos \{d— 0i) is negative. Denoting the integral in the 
above relations by /j, and writing /^o = \/(2/cr) | cos J (^ — ^i) | , 
then 

M. E. W. 13 
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that is, 

' 27r ;• 1^-1 « + lJ ' 

which becomes 

IT Jo «»— 1 

1 /■• /ft 

or /i = - - €«rooB(*-»j j ^-Ms«tf«+i)^!L . 

IT Jo *^ + l 

Now 

!+«• Jo 
therefore 

W J 

which, changing the order of integration and integrating with 
respect to ^, is equivalent to 

2V7r'^ Jo • V(w + *A^')' 

and, putting w + ^/i©* = ^'^y this becomes 



Sn 



that is 



1 foo0 4 



1 



Hence 

when cos ^{6 — Oi) is positive, that is 

V^ J -co 

Also / = -7- 6-*'«»<*-*»>+ T r e-'^dv, 

when cos ^ (d — ^i) is negative, that is, in this case, 

hjir J -00 
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Therefore 

where fi = /^(2/cr) cos ^(0 — ^i), and the electric force Z is 
given By 

where ia' = '^(2/cr) cos ^ (^ + ^i). 

When the electric force is in the plane of incidence of the 

waves, the magnetic induction is parallel to the edge of the 

wedge, and denoting the magnetic induction by c, c will satisfy 

the same equation as Z above, the boundary conditions now 

dc 
being ^ = 0, when ^ = and when ^ = a. Thus 



dd 



C^Z^Rn COS 



a 

which, as before, becomes 

« *— nnrO 

C^XCn Jnn {tcr) [J nn (fC^) - « * Jf^ (^n)} COS — - 

T "V V a 



when r < rj, and 



ni^i 



rnrO 



fl — — — ^ 

^ a a a 

when r > ri, and again (7^ is independent of k. When a: = 0, the 
problem is the hydrodynamical one of a line source in the 
space bounded by ^ = 0, and 5 = a. The solution is then the 
same as in the previous case, with the exception that the part 
involving ^ + ^i is afifected with the positive instead of the 
negative sign, and therefore 



c = ^' r^"^ Ko U^ 'sjif + n» - 2rr, cos ?)} 

^2t J oOi+Y 



sin —5 sin — ? 



cos — - COS - (^ — ^i) COS — - COS - (^ + ^i) 
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For plane waves incident on a semi-infinite plane this becomes 

The problem solved by Poincar^ in the first instance was 
that of a wedge-shaped beam converging on the edge of the 
semi-infinite plane; this can be obtained from the previous 
general expression. The comparison* of the results with ex- 
periment shews that in respect of the polarising effect of the 
obstruction there is complete agreement, but that theory and 
experiment give widely different results in respect of the 
variation of the intensity of the waves. 

The principal difference between the results obtained on 
the assumption that the semi-infinite plane is perfectly ab- 
sorbing and on the assumption that it is perfectly conducting, 
is that in the first case the change of phase is a quarter of 
a wave length and in the second case one-eighth of a wave 
length. The effect of this will be that the positions of the 
diffraction bands will be different in the two cases, and, if 
their positions could be observed accurately, the nature of the 
condition to be satisfied at the surface of the plane, assuming 
that the effect of the plane can be represented by a linear 
relation to be satisfied at its surface, could be deduced. It is, 
however, more probable that the effect of a metallic screen 
cannot be so represented, but that there is a thin layer at its 
surface throughout which the equation to be satisfied gradu- 
ally changes. 

The above results can be applied to shew how an approxi- 
mation to the effect of an open end in a condenser formed by 
parallel plane conducting plates can be obtained. Let the 
plane y = he that which is midway between the two plates, 
the planes of the plates being y=^h,y = — h, their edges lying 
in the plane a? = 0, and the axis of z being parallel to their 
edges ; then, considering the waves in the space between the 
plates, they give rise to waves propagated from the open end, 
the directions of the incident waves coming along the condenser 
being those which lie between — 7r/2 and 7r/2, the angle being 

* Poinoar^, I. c, p. 187. 
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measured from the axis of x. It therefore follows that at some 
distance from the edges of the plates the plane a? = forms the 
boundary of the shadow, and hence it may be assumed that the 
effect of the open end to the left of the plane x=0 outside the 
condenser is negligible. If c denotes the magnetic induction, 
which is everywhere parallel to the axis of z, then c satisfies 
the same conditions as the velocity potential of the wave 
motion of air in the space would satisfy ; hence the problem to 
be solved is analytically identical with the acoustical one, and 
the method of approximation used by Lord Rayleigh* can be 
adopted. The magnetic induction to the right of the plane 
a? = is given by 



where 



2W- 



h 

R' = a? + (y- yj, 

dx 



dc 
and 27r//c is the wave length, it being assumed that ^ = 1 



over the open end. 

In order to calculate the value of 

'h 



. 



cdy, 

-h 

it will be further assumed that the distance apart of the plates 
of the condenser is small compared with the wave length; 
hence in calculating the value of c to be used in the above 
expression it can be assumed that kR is small, and therefore 



that is, 



'rhfh'i'»'j-^fy^. 



= ^ {log I - n' (0)J + At + ^ /*^log Rdy', 
whencfe over the open end 
c = ^{log^-n'(0)-l|+At+i(A + y)log(A + y) 



+ -(A-y)log(A-y). 

TT 



L * Theory of Sound, vol. n. §§ 307, 312. 
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Substituting this value of c and performing the integrations it 
follows that 

p cdy = 2A r~|logi^A-n'(0)-|l + Atl. 

To the left of the plane a; = 0, that is, between the plates of 
the condenser the value of c may be written 

c — [A cos KX-\- B sin icx] e^, 

where the relation between the constants is given by 



kB 



= ^|log^A-n'(0)-||+/i.; 



whence, putting 5 = 1, 

c = ] (log /^A — n' (0) — 5 J + hi\ cos KX + sin kx &^, 

which, taking the real part, gives 

c = sin a: (a? -r a) cos nt — tch cos kx sin nt, 

where a, which is small, is the distance of the nearest loop from 
the open end and is given by 

2A r, X „, ,., . 3") 
\ denoting the wave length. This is the result stated in § 37. 
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